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Abstract 
Passive spacecraft attitude control using spin-stabilization is considered as one 
of traditional and low-cost control strategies. In literature, low-cost state-of-the-
art slew algorithms based on single thruster are designed to perform large angle 
spin axis attitude manoeuvre. The existing research and analysis shows that half-
cone category algorithms are open-loop slew control and they are sensitive to spin 
rate perturbation. In order to improve the tolerance of spin-rate perturbations, the 
work is motivated to introduce closed-loop attitude feedback using sensors. 
For nano-satellites, especially for cubesat missions, thrusters are restricted to 
its size and propellant consumption, so thrusters are not usually chosen as the 
actuators on nano-satellites. Alternatively, other actuators such as magnetorquers 
and momentum wheels are feasible in nano-satellite missions. For nano-satellite 
missions, a novel low-cost slew control algorithm using single-magnetorquer is 
investigated based on the philosophy of single-thruster slew algorithms. 
This thesis gives an overview of the research on single actuator control of a 
prolate spin-stabilised around its minimum moment of inertia axis. Two novel 
feedback slew algorithms using single-thruster have been developed. Thorough 
robustness analyses have been performed to estimate how well these novel 
algorithms perform in the presence of spin-rate disturbances compared with co-
responding open-loop algorithms. The results of these analyses indicate that with 
the help of attitude feedback, these feedback slew algorithms show more robust 
performance compared with their corresponding open-loop algorithms. 
A feedback slew algorithm using single-magnetorquer has also been 
developed based on Half-Cone slew philosophy using single-thruster, dealing 
with large angle attitude manoeuvre problem where magnetorquer is applied for 
the mission. Simulations based on STRaND-1, a 3-U cubesat launched by Surrey 
Space Centre and Surrey Satellite Technology Ltd., was chosen as a use case to 
simulate   attitude manoeuvres parallel with Earth equatorial plane. These 
manoeuvres were carried out at different orbital positions.  
To conclude, the research presented in this thesis has led to two novel slew 
algorithms using single-thruster and thorough analysis proves that these 
algorithms greatly improve the robustness on spin-rate perturbations. A feedback 
algorithm using single-magnetorquer has also been developed dealing with large 
angle attitude manoeuvre problem. Future directions for research in this area is 
also recommended. 
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Chapter 1  
Introduction 
This chapter introduces the project background and motivations, covering 
reference missions relevant to this research. Research objectives and novelties 
will be discussed and an overview of the thesis structure will also be given in this 
chapter. 
1.1 Background & Motivations 
Ongoing discovery and exploration of outer space continuously evolve and 
innovate space technology. Satellites and relevant techniques have been 
providing information of terrain and atmosphere of celestial bodies. At the same 
time, the sub-surface of said bodies are also of great importance to be studied 
since it will be more likely to reveal the original body composition.  
The robotic drill techniques are developed to investigate the inner layer of 
celestial bodies. Mission Phoenix Mars Lander [1] employed a robotic drill to 
investigate the Martian subsurface. Curiosity Mars Rover [2] also used drills and 
collected sample powder from inside a rock target on Mars. The second way of 
interior investigation is to use impactor. LCROSS [3], which used a destructive 
impact on the moon to examine the composition of the ejected dust cloud, is a 
successful mission example. Another mission concept considers deflection of a 
Near Earth Object (NEO) by means of a kinetic impactor by European Space 
Agency (ESA) studied in the Don Quijote concept [4] and NEOShield [5]. 
One reference mission concept used throughout this thesis is the Penetrator 
missions. Penetrator is a cylindrical missile-shaped projectile spinning around its 
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minor axis of inertia to penetrate a celestial body, burying itself into the 
subsurface. Onboard seismometers, thermal sensors and other similar equipment 
will be able to take measurements of its interior. Japanese mission Lunar-A [6] 
and British MoonLITE mission [7] used the mentioned Penetrator concept to 
study the lunar subsurface. Another mission concept considered was a penetrator 
carried by the joint NASA-ESA Europa-Jupiter System Mission(EJSM) [8], 
landing on Jupiter’s Galilean moon Europa [9]. Now EJSM has been redesigned 
into a mostly European mission called JUICE (JUpiter ICy moons Explorer) [10]. 
With the benefit of the lack of atmosphere on the Moon in above missions or 
other similar celestial bodies, passive spin stabilization is usually used as it is a 
relatively low-cost means of stabilization. The second reason for choosing 
passive spin stabilization is that it is suitable to achieve large-angle spin-axis 
reorientations with a limited number of actuators available especially with single-
thruster. Normally the spacecraft requires equivalent numbers of actuators to 
conduct the attitude manoeuvre of a certain number of degrees of freedoms. With 
a single actuator firing a certain moment during the passive spin revolutions, some 
slew algorithms can achieve the aim of a large-angle spin-axis attitude manoeuvre.  
This PhD research reviews the state-of-the-art of open-loop slew algorithms 
and develops two novel feedback slew algorithms using single thruster, which 
provides a new and more robust solutions to large-angle attitude manoeuvre for 
prolate spinners. Further, a novel feedback slew algorithm using single-
magnetorquer is also developed to deal with the spin-axis attitude manoeuvre 
problem for nano-satellites such as 3-U STRaND-1 [11]. 
1.2 Research Gaps 
For the reorientation phase of the Penetrator mission, a fast, accurate and low-
cost slew solution is required. Existing research [12-15] on the prolate spinning 
spacecraft attitude manoeuvre has developed a series of slew algorithms using 
single-thruster in two categories: Half-cone derived algorithms and Pulse-train 
algorithms. Half-cone derived algorithms consist of Half-Cone (HC), Multi Half-
Cone (MHC), Dual Half-Cone (DHC), Extended Half-Cone (EHC), Sector Arc 
Slew (SAS) and Multi Sector Arc (MSA) slew, using the precession behaviour of 
a spinning prolate spacecraft. Pulse-train algorithms consist of Rhumb Line (RL) 
and Spin-Synch (SS) algorithms, which use a train of uniform torque pulses to 
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achieve the attitude manoeuvre. The timing between two torque pulses is roughly 
(for Rhumb Line) or exactly (for Spin-Synch) equal to the spin period. Pulse-train 
algorithms can also be used for oblate spacecraft.  
Both Half-cone family algorithms and Pulse-train algorithms are open-loop 
algorithms. There may be some doubts about whether Rhumb Line algorithm is 
closed-loop. Rhumb Line algorithm indeed requires the sun sensor to trigger the 
torque pulses. However, the sun sensor doesn’t provide any attitude nor angular 
velocity information into the loop to calculate the pulse directions nor pulse 
durations. Strictly speaking, Rhumb Line is not a closed-loop algorithm. 
Due to the characteristic of open-loop control, the Half-cone family algorithms 
are very sensitive to the inertia errors, thruster firing time error and especially the 
spin-rate perturbations. Previous analysis [16] shows that even with 1% spin rate 
perturbation, the open-loop slew algorithms can result in more than 50° slew 
errors, which can be treated as the failure of slew. It is motivated to introduce 
attitude feedback to develop feedback slew algorithms to improve the tolerance 
of these perturbations. 
For nano-satellites, especially for cubesat missions, thrusters are restricted to 
its size and propellant consumption, so thrusters are not usually chosen as the 
actuators on nano-satellites. Alternatively, other actuators such as magnetorquers 
and momentum wheels are feasible in these scenarios. Magnetorquers can 
provide sufficient control torque in Low Earth Orbits (LEO) [17] and also has a 
small size, so it is widely used on nano-spacecraft, like STRaND-1 mission. Wu-
Bereder [18] proposed active attitude control system using permanent magnet and 
Karpenko [19] reviewed attitude control system of the First Russian Nanosatellite 
TNS-0 No. 1. Yet not much research has been done to give a solution for prolate 
spinner’s large angle attitude manoeuvre using single magnetorquer. There is a 
need to develop similar low-cost slew algorithms using single-magnetorquer 
based on single-thruster slew algorithms’ philosophy. 
1.3 Project Objectives 
Motivated by the lack of robustness over spin-rate perturbations and others for 
open-loop slew algorithms, the main goal of this research is to design possible 
novel feedback slew algorithms using single actuator. 
In order to achieve that, the main objectives of this research are: 
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• To investigate how attitude information can be applied to slew control 
algorithms for prolate spinners’ attitude manoeuvre. 
• To derive novel feedback algorithms using single actuator (single 
thruster, single magnetorquer, etc.) coupled with passive spin 
stabilisation, based on the attitude information or other feedback 
information from the attitude sensors. 
• To assess the performance and the robustness of the proposed feedback 
algorithms. Due to the high nonlinearity and complexity of the attitude 
dynamics and controller, software simulation may be applied as the 
major method to approach robustness analysis. The simulation results 
will be included as comparisons with the state of the art open-loop 
algorithms. 
1.4 Research Novelties  
This research contributes to new scientific knowledge in the field of attitude 
dynamics and control. The key novelties are: 
• Two novel feedback slew algorithms based on single-thruster have 
been designed and validated: Feedback Half-Cone slew and Feedback 
Sector-Arc slew. 
• A comprehensive robustness analysis has been performed on the 
above feedback slew algorithms using simulation tools, and their 
comparison with their corresponding open-loop slew algorithms.  
• A novel feedback slew algorithm based on single magnetorquer has 
been designed and validated: Feedback Single-Magnetorquer Half-
Cone slew. A thorough slew performance analysis of the slew 
algorithm for different orbital positions are presented. 
1.5 List of Publications  
Following publications originated from this research: 
1. Juntian Si, Yang Gao, Abadi Chanik, Slew Control of Prolate Spinners 
Using single Magnetorquer, Journal of Guidance, Control, and Dynamics, 
Vol. 39, No.3, 2015, pp. 719, 727. doi: 10.2514/1.G001035.  
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2. Juntian Si, Yang Gao, Abadi Chanik. Slew Performance of Closed-loop 
Half-Cone Algorithm for Prolate Spinners Using Single-Thruster, 
Proceedings of EuroGNC 2015 Conference, 13 April, Toulouse, France.  
3. Juntian Si, Yang Gao, Abadi Chanik. Feedback Slew Algorithms for Prolate 
Spinners Using Single-Thruster, accepted by Acta Astronautica, doi: 
0.1016/j.actaastro.2017.11.044 
4. Abadi Chanik, Yang Gao, Juntian Si, Modular Testbed for Spinning 
Spacecraft, accepted by Journal of Spacecraft and Rockets,54 (1), 2017. pp. 
90-100. doi: 10.2514/1.A33586 . 
5. Abadi Chanik, Yang Gao, Juntian Si, Slew Control algorithms for Prolate 
Asymmetric Spinning Spacecraft, under review by Journal of Guidance, 
Control, and Dynamics, 2016-06-G000692.R1.  
1.6 Thesis Structure 
The thesis has been written into the following chapters: 
Chapter 2 reviews state-of-the-art open-loop slew algorithms using single-
thruster. These algorithms are categorized into half-cone derived family 
algorithms and pulse-train family algorithms based on different working 
principles. The review of feedback control theory is also given in this chapter. 
Chapter 3 firstly introduces the mathematics behind attitude dynamics of 
spacecraft. Then two novel feedback slew algorithm using single-thruster are 
proposed. Each algorithm is characterised by a theoretical discussion followed by 
simulation results. 
Chapter 4 proceeds with the robustness analysis performed on these feedback 
slew algorithms using single-thruster over spin rate perturbations. The robustness 
analysis is compared with the corresponding results of open-loop algorithms. 
Chapter 5 discusses a novel feedback slew algorithm using single-magnetorquer. 
Firstly, Earth Geomagnetic field and magnetorquer working principles are 
introduced in this section. Then a novel half-cone slew algorithm using single-
magnetorquer is developed in this chapter, followed by its slew performance 
analysis.  
Finally, Chapter 6 concludes the PhD thesis and makes recommendations for 
future work. 
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Chapter 2  
Literature Review on Slew Algo-
rithms Using Single Thruster 
 
 
 
Previous researchers studied slew algorithms for prolate spinners based on 
single thrusters. The algorithms can be categorised by working principle: Half-
cone derived or Pulse-train. 
Half-Cone Derived Algorithms 
In this category, slew algorithms are all derived from the basic Half-cone slew 
as they use the precession behaviour [20] of a spinning spacecraft. The philosophy 
of these algorithms is to drive the angular momentum vector of the spacecraft 
away from the spin axis by external torques, and the spacecraft will start a 
precession around the angular momentum. By designing the trajectories of the 
spin-axis and angular momentum vector, the following algorithms are developed. 
• Half-Cone 
• Multi-Cone 
• Dual-Cone 
• Sector-Arc Slew 
• Extended Half-Cone 
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Pulse-train Algorithms 
These slew algorithms use a train of uniform torque pulses to achieve the slew 
manoeuvre. The timing between two torque pulses is roughly (for Rhumb Line) 
or exactly (for Spin-Synch) equal to the spin period. These algorithms are also 
usable for oblate spacecraft. 
• Rhumb Line 
• Spin-Synch 
In this Chapter, firstly the MoonLITE mission concept will be introduced as 
the mission scenario of single-thruster slew research background. State-of-the-art 
slew algorithms using single-thruster will be discussed. Except for Rhumb Line 
slew, all slew algorithms mentioned above are open-loop algorithms, and this will 
be the foundation of developing novel feedback slew algorithms in Chapter 3. 
2.1 Reference Mission Parameters 
Earth’s Moon is the target of the MoonLITE mission. The followings are 
several characteristics of Moon Shown in Table 2.1, obtained from [8]. The 
penetrator is firstly spun up and released into an elliptical orbit from its 
mothership at an approximate altitude of 100km. It will then orbit for half an 
orbital period until it reaches periapsis, which is the closest point to the Moon in 
its orbit. After that, it will perform a de-orbit operation followed by a large-angle 
reorientation (about 90°), which makes the penetrator’s sharp end facing the 
moon surface. Then the penetrator will performance a free fall under gravity and 
impact the lunar surface. These operation sequences are detailed described as 
follows and illustrated in Figure 2.1.  
Table 2.1: Characteristics of Earth's Moon 
Mass 7.3477 × 1022 kg 
Volume 2.1958 × 1010 km3 
Equatorial radius 1738.14   km      
Polar radius 1735.97   km 
Volumetric mean radius 1737.10   km 
Ellipticity 0.00125 
Surface gravity 1.622       m/s2 
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I. Release from carrier mothership 
In order to keep the stable attitude of the penetrator during the orbiting, the 
most efficient way is that the mothership gives both the spin rate and the first 
delta-V to the penetrator, which is released with rotation vector aligned with the 
positive orbital velocity vector.  In this way, the penetrator will keep the most 
stabilized phase for half orbital period before the de-orbit operation. With the help 
of the passive spin stabilization, the rotation vector does not change with respect 
to inertial space. After the release, the mothership will also require an active orbit 
manoeuvre to avoid possible collision with the penetrator. The mothership will 
then continue with its own mission. 
II.  Keep spin-stabilized inertial position during coasting phase until periapsis 
This is the longest phase of the Penetration mission, lasting approximate 60 
minutes. During this period of time, some low-frequency behaviour (e.g. gravity-
gradient torque) has time to develop. The controller may perform a rough nutation 
control in this phase. Other types of disturbance torque such as solar radiation 
pressure, non-rigid phenomena due to fuel sloshing may take effect. Magnetic 
disturbance torques are negligible for the Moon, however, it could be more severe 
for other targets such as Jupiter’s moon, due to the strong magnetic field of Jupiter. 
III. Perform de-orbit burn to eliminate the orbital angular velocity 
When the Penetrator reaches the periapsis, a de-orbit burn will be performed 
to deal with the previous delta-V provided by the mothership. A solid rocket 
motor, for instance, will take care of this delta-V. Initial calculations using a lunar 
approach orbit with apoapsis at 100km and periapsis at 27 km may require a 
propellant mass of up to 50% of the total mass. This means that after the de-orbit 
burn, the total mass and inertia tensor of the Penetrator will be significantly 
different from the original Penetrator and it has to be taken into account when the 
slew is calculated. 
IV. Perform 90° reorientation manoeuvre to make the Penetrator sharp-end 
facing lunar surface 
This is the major design part of the entire penetration for the Attitude 
Determination and Control system (ADCS). After the de-orbit burn, the 
Penetrator will free fall to the lunar surface. There is very limited time left for the 
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Penetrator to perform a 90° reorientation to get nose-first attitude before landing. 
Based on the calculation using the orbital parameters above, there are only 
approximately 3-4 minutes for this phase. The reorientation aims to minimise the 
attack angle of the impact to reduce the impact forces. ADCS is responsible for 
minimising the attack angle as well as to provide nutation damping. Smart slew 
algorithm is required to achieve the reorientation goal in this phase: fast, accurate 
and low cost. 
 
 
Figure 2.1: MoonLITE mission profile and description [21] 
V. Impact 
At the end of the mission, the Penetrator impacts the lunar surface. The slew 
accuracy needs to satisfy the predetermined limits. 
2.2 Half-Cone Method 
Half-cone Method is the basic model of all the Half-cone derived algorithms. 
It uses the fundamental gyro precession [22] activity of a spinning symmetric 
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prolate rigid body. The philosophy of this method is using active control torque 
applied to the spinning axis to drive the angular momentum away from the spin-
axis and to start the precession. The spin-axis rotates around the angular 
momentum and the slew will be cancelled by a cancellation torque of the opposite 
direction with the initiating torque when the spin-axis achieves the target 
direction.   
In order to simplify the illustration, thrust direction is chosen such that it will 
generate a positive torque around the SFB Y-axis. As an example, the thruster 
could be located on the negative Z-axis with thrust vector parallel to the negative 
X-axis. With respect to the Z-H reference frame, the thruster then rotating with 
an angular velocity N  (body nutation rate) around the Z-axis and will make one 
half revolution every 𝜋/𝜔𝐻  seconds. 𝜔𝐻  is the inertial nutation rate. The 
definitions of body nutation rate and inertial nutation rate will be illustrated in 
Chapter 3. 
 However, this reference frame itself rotates about 𝑯(fixed if no external 
torques applied) with an angular velocity 𝜔𝐻  and will make a half revolution 
every 𝜋/𝜔𝐻 seconds. It is assumed that the torque impulse is comparable to an 
impulsive, which means the firing duration 𝑡𝑓𝑑  is much smaller than the spin 
period. 
The half-cone method implies the following sequence (see Figure 2.2) of 
events where 𝑍0 is the initial attitude of the Z-axis at 𝑡 = 0 and 𝑍𝑡 is the target 
attitude of the Z-axis: 
i. At 0t   the spacecraft is in pure spin around its 𝑍0-axis, no precession is 
applied. H is parallel with 𝑍0. 
ii. At 0t   the spacecraft is aligned such that the X-axis is normal to the plane 
0 tZ Z and the thrust vector generates an angular impulse ( ontτ ) in +Y 
direction pointing ‘towards’ the tZ axis. This impulse displaces the 
angular momentum vector away from the 0Z -axis with an angle  equal to 
half the 0 tZ Z angle. This displaced H  will be called ‘intermediate’ H
later on. 
iii. For 0t   the spacecraft start a precession motion around the intermediate 
𝑯 vector with angular velocity H . No torque is applied at this phase. 
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iv. When 𝜋/𝜔𝐻 (exactly single half precession period later, the instantaneous 
Z-axis is in the desired position: 𝑍 = 𝑍𝑡). To stop the precession motion, 
a second angular impulse is required, in magnitude equal to the first one 
(from step ii), in order to realign the H-vector with the Z-axis. Relative to 
the rotating Z- H plane, the second impulse vector is the exact opposite of 
the first impulse. (Note though that relative to the inertial plane the 
enclosed angle is 2θ). 
 
 
Figure 2.2: Sequences of events for Half-cone manoeuvre [12] 
v. In the meantime, the thruster has rotated relative to the Z-H plane by N t  
radians. In order to be in the correct position to generate the second 
angular impulse discussed in step iv, equal in magnitude but opposite in 
sign (relative to the Z-H plane) to the first impulse from step ii, the thruster 
should therefore have rotated (2 1)k   half revolutions (equal to (2 1)k 
rad), where k is a nonnegative integer. 
Figure 2.2 displays the trajectory of the Z-axis tip as a solid grey line in the 
inertial frame. The constraint mentioned in step v. can be formulated as a relation 
between k and : 
 (2 1) (2 1)N H
H N
t k k
 
 
 
       ( 2.1) 
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(2 1) (1 ) (2 1)
cos( ) (2 1)
1
N H z
t
k k
I
k
   



     
  

H
  (2.2) 
 This last Equation (2.2) gives a relation between the number of half 
revolutions made by the thruster around the Z-axis after half precession of Z-axis 
around intermediate H and  , the nutation angle. Needless to say, this is not a 
time-optimal solution but it is necessary if 0.5 < 𝜆 < 1. 
 
Figure 2.3: Z-axis and 𝑯 vector trajectories in inertial space- Half-Cone 
 Figure 2.4 plots Equation (2.2) for several values of  , from 0.0121 to 0.5. 
The figure shows a rapid decline in the number of possible nutation angles and 
the maximum possible angles as  increases.  
The angular impulse that should be delivered at 0t  can be derived: 
0tan( ) tan( )on z zt I   τ H      (2.3) 
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Figure 2.4:  versus k  for several values of  [12] 
2.3 Multi-Half-Cone Method 
The previous discussion and simulation results were for a single half-cone. 
One use of the Multi-Half-Cone manoeuvre is to create a sequence of half-cone 
manoeuvres in order to get to a specified attitude. Figure 2.5 illustrates a Multi-
half-cone slew. Its simplest form consists of two half-cones with identical 
nutation angles  . This would mean torque required to start the next half-cone 
can only be delivered after the torque to end the previous half-cone has been 
delivered. The pointing error increases with each half-cone manoeuvre for 
identical nutation angles. However, it could be overcome by designing different 
nutation angles for each cone, which adds the set of possible accurate slew angles. 
Multi-Half-Cone method increases the range of attainable slew angles  . 
Aside from that, one advantage of using a Multi-Half-Cone approach can be seen 
in the angular impulse required. Using the double-angle formula for the tangent: 
 0 2
2 tan( )
tan(2 )
1 tan ( )
on z zt I

 

 

τ H  (2.4) 
Equation (2.4) suggests the impulse required for a single half-cone with 
nutation angle 2𝜃 will always be 1/(1 − 𝑡𝑎𝑛2(𝜃)) times that of a double half-cone 
with angle 𝜃. However, the time required for the manoeuvre will be higher for the 
Multi-halfcone approach as 𝑘 increase with decreasing 𝜃 according to Equation 
(2.2). 
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Figure 2.5: Z-axis and 𝑯 vector trajectories in inertial space- Multi-half-cone 
2.4 Dual-Cone Method 
One method newly derived at Surrey Space Centre is the Dual-cone method 
[21]. Based on the Multi-half-cone manoeuvre, this method consists of two Half-
cone manoeuvres with identical nutation angles performed in series. The most 
important difference with respect to the Multi-half-cone manoeuvre, however, is 
that the azimuth angle between the two half-cones ( int as shown in Figure 2.6) is 
not 180 but variable. Combined with an algorithm that can choose a nutation 
angle based on the desired slew angle this method ensures that any final 
slew/azimuth angle combination can be attained, with only a few exceptions for 
relatively large values of  . 
First of all, the nutation angle  is calculated using the ideal angle / 4t t  -the 
‘target’ nutation angle, for which a normal Multi-Half-Cone manoeuvre with two 
half-cones would exactly yield the target slew angle t . Due to Equation (2.2), this 
ideal angle is always not obtainable. The algorithm will choose the closest 
obtainable nutation angle larger than the ideal one. To be precise, a lower value 
for ‘ k ’ is calculated first with Equation (2.5). 
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Figure 2.6: Dual-Cone design [12] 
 
1 1
cos( ) 1
2
tk floor



  
   
  
 (2.5) 
Assuming identical nutation angles the spherical trigonometric identities can 
now be set up in order to determine the azimuth angles for each half-cone, 1  and
int : 
 int int 2
cos( )
cos( ) cos( ) 1
sin (2 )
t  

      (2.6) 
 1 int
sin(2 )
sin( ) sin( )
sin( )
t
t

   

     (2.7) 
The Dual-cone is significantly more flexible than the Half-cone or Multi-half-
cone manoeuvres as it can attain the required slew angle with a much higher 
accuracy. 
For relatively large values of l, the limited number of   attainable nutation 
angles may prevent reaching any slew angle. This is most relevant when   lies 
in the next regions: 
1/ ( 2 1) 0.41 1/ 4 0.25( 0)k     
 
and 
1/ (3 2 1) 0,1907 1/ 6 0.1667( 1)k     
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2.5 Sector-Arc Slew 
The Sector-Arc Slew [23] method is an enhancement of the Half-cone method. 
The difference is that it provides additional degree of freedom of the algorithm 
by not constraining the angular moment to be coplanar with the initial and final 
spin axis vectors, therefore the nutation angle 𝜃 can be chosen independently 
from the desired slew angle 𝛽.  
SASs can consist of any number of sector arcs. For the purposes of describing 
the SAS method in detail, we only discuss the slew of only one sector arc. First, 
we must define the four angles that characterize a single sector arc as described 
on a unit sphere with origin at point O where spherical trigonometry [24][25] 
applies. 
 
Figure 2.7: Definition of SAS Fundamental Angles 
As shown in Figure 2.7 the spin axis unit vector translates from point A to 
point C, around the angular momentum vector located at point B. The angles are 
defined as follows: 
▪ 𝜃 (the angle A-O-B): the nutation angle. This is equal to the arc length from 
A to B. 
▪ 𝛽 (the angle A-O-C): the slew increment performed by the sector arc. In the 
case of slew with single sector arc, this represents the target slew angle.  This 
is equal to the arc length from A to C. 
▪ 𝛼 (the spherical angle B-A-C): the ‘azimuth’ angle of the sector arc. This 
defines how far from the idea path the angular momentum vector is 
positioned during the sector arc. 
▪ 𝛾 (the spherical angle A-B-C): the angle through which the spin axis 
precesses about the angular momentum vector during the sector arc. 
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Similar with Half-cone slew, SAS also requires to calculate the thruster time 
profile to guide the slew. Given the staring slew epoch 𝑡0, the starting firing time 
𝑡𝑠 and cancelation firing time 𝑡𝑓can be calculated by: 
 
0s A
f s AC
t t t
t t t
 
  
 (2.8)  
The summary of calculations of referred intermediate variables 𝑡𝐴 and ∆𝑡𝐴𝐶 
and four fundamental angles (𝜃, 𝛽, 𝛼, 𝛾) are provided in Figure 2.8. That is all that 
is needed to implement the algorithm for a general single sector arc SAS slew. 
 
Figure 2.8: Summary of SAS algorithm 
From the 𝐺(𝜃) equation, 𝜃 cannot be easily solved analytically; however, it is 
possible to perform a numeric solution of the variable 𝜃 (e.g. via the Newton 
Raphson method). This step could be implemented on-board via a look-up table 
if deemed necessary to avoid on-board numerical iteration. 
Given a target slew angle β, the SAS slew can be tuned by choosing a number 
of spins, k, which makes the SAS algorithm optimizable for minimum slew 
durations, minimum angular impulse magnitude required or least net propellant 
CHAPTER 3. STATE-OF-THE-ART SLEW ALGORIHTMS USING 
SINGLE THRUSTER 
 
19 
 
mass consumed. The parameter k can be tuned either in advance of the slew based 
on a priori knowledge of slew conditions or in real-time via the on-board solution 
of the cost-function minimization problem. 
 
2.6 Extended-Half-Cone Method 
Extended-half-cone is a combination of two partial half cones of the same 
shape and size, as shown in Figure 2.9.  
 
Figure 2.9: Extended-Half-Cone design [1]  
The Extended Half-Cone algorithm recalculates the half-cone properties such 
that the cancellation pulse will always cancel out the precession motion but not 
necessarily after one half H  revolutions. The algorithm first calculates the value 
of k that is closest to generating the requested value t  using: 
 
1 1
cos( ) 1
2
tk round



  
   
  
 (2.9) 
Then it initiates a half-cone with nutation angle t  as requested, except that the 
cancellation pulse is fired after (2 1) / Nk   seconds. This means that the Z-axis 
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will not traverse exactly 180  on the precession circle as for the Half-cone 
manoeuvre, but slightly more or slightly less, depending on whether k  is rounded 
off to ceiling or floor, respectively. The difference between the exact half-cone 
angle180  and the angle traversed in reality  is defined as the error angle r and 
is calculated in Equation (2.10). Since the inertial nutation rate H  is constant 
during the precession, the section   of the precession circle traversed by the Z-
axis can be calculated as 2 0( )H t t  .   
 
2
(2 1)
2 1
1
1 cos
r H
N
k
k


  



 
  
 
  
 
 (2.10)   
 
2.7 Rhumb Line Method 
The Rhumb line manoeuvre is a manoeuvre where an angular impulse is given 
after detection of a certain inertial reference such as the Sun, approximately once 
every z revolution. The resulting motion is characterised by the fact that when 
plotted in a Mercator plot with the inertial reference at the pole, the trajectory of 
the angular momentum vector would yield a straight line (constant heading angle). 
The time delay between pulse detection and angular impulse generation is tuned 
by the control algorithm to generate a certain heading angle based on the attitude 
reorientation requirements. The angular momentum vector is modified on a very 
regular basis during the manoeuvre (more or less once every 2 / z   seconds), 
usually by very small increments, as opposed to only twice for a single Half-cone 
or Sector Arc Slew. Figure 2.10 is a presentation of RL slew. 
Van der Ha [26] adds that for a major axis spinner ( 1)  , the spin axis will 
realign itself passively with the angular momentum vector while minor axis 
spinners ( 1)   tend to have an active nutation damper that takes care of this. 
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As the Rhumb line simulation model used relies on a sun sensor to generate 
the torque pulses, this Inertial Sun Frame (ISI) will be used as the inertial frame 
of reference instead of the RI frame. The Sun vector S is by definition at [12] in 
the ISI frame, while the ISI Y-axis is parallel to the cross-product of Sun vector 
and initial spin axis. The ISI X-axis completes the right-handed orthogonal 
coordinate. 
 
 
Figure 2.10: Z axis and 𝑯 vector trajectories in inertial space-Rhumb Line[12] 
2.8 Spin-Synchronised Method 
Another potential manoeuvre exhibiting many similarities to the Rhumb line 
is a ‘spin-synchronised’ manoeuvre (abbreviated to spin-synch in this document), 
in which one pulse per spin revolution is given without using an external reference. 
Though it appears similar to the Rhumb line, the trajectory if its angular 
momentum vector is in general not a straight line in a Mercator plot; neither does 
it have the singularity at the pole. Figure 2.11 shows the trajectories of the angular 
momentum vector and the spin axis for both the Rhumb Line and the Spin-Synch 
manoeuvre. 
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Figure 2.11: Comparison Rhumb Line- Spin Synch: Z-axis  
and H -vector trajectories in inertial space [12] 
 
This method is easily confused with the Rhumb line method, likely due to the 
fact that for small slew angles or trajectories near the ISI equator, the difference 
between Rhumb Line and Spin- Synch is almost invisible. One paper of Furukawa 
[27] starts off discussing Rhumb Line method but then assume a constant inter-
pulse time, which transforms it into a Spin-Synch Slew. Wu and Gao [28] apply 
nonlinear optimization for precise Spin Sync slew control for spinning spacecraft.  
2.9  Sensitivities to Perturbations for Open-
loop Slew Algorithms 
In practical space applications, such as spin-rate perturbation, inertia 
perturbation and thruster firing time error exist all the time as described in Yu 
[29]. Usually, the robustness analysis using Taylor series approximation [30], 
Geometric method and Simulations.  Among three methodologies, simulation 
clearly shows how these perturbations influence the slew algorithms and all 
perturbed parameters can be analysed. According to the simulation results from 
[16], the summary of the mentioned open-loop slew algorithms is as follows: 
• All half-cone derived algorithms are extremely sensitive to a 
perturbation in the spin rate, including the SS slew control algorithm. 
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As summarised by [16], a 1% deviation in the intended spin rate will 
result in a deviation of H and Z between 50° and 80°. 
• The Rhumb Line slew is deemed to be the most robust slew control 
algorithm, with moderate effect in all perturbed parameters. However, 
one significant analysis result worth mentioning is the high H value 
when the perturbation is introduced within a range of transverse 
moment of inertia, spin-axis moment of inertia and spin rate. The 
maximum value of H reaches to 20°, 30° and 20° respectively. 
• The only two parameters that contribute to a minimum effect of 
perturbation are the spin-axis moment of inertia ZI to Spin Synch slew 
and the thruster firing duration fdt  to the half-cone derived algorithms. 
The sensitivities overview of these open-loop algorithms is listed in Table 2.2. 
Table 2.2: Sensitivities overview for open-loop algorithms 
Algorithms Z  ZI  tI  fd
t
 
HC derived slew High Medium Medium Low 
SS slew High Low Medium Medium 
RL slew Medium Medium Medium Medium 
 
It can conclude the sensitivity analysis from Table 2.2 that Half-Cone derived 
slew algorithms are extremely sensitive to spin rate 𝜔𝑍 perturbations, and even 
1% of perturbation will cause up to 80° of slew error in ∆𝐻 and ∆𝑍. This means 
the failure of the slew. For inertia perturbations, such as 𝐼𝑍 and 𝐼𝑡, the slew error 
is moderate (in [16], sensitivity analysis shows that for 1% inertia perturbations, 
the slew error is around 5°). The thruster firing error 𝑡𝑓𝑑  doesn’t show much 
influence over the slew performance. 
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2.10 Feedback Control Theory Review 
Feedback [31][32] is extensively used in control theory, using a variety of 
methods including state space (controls), full state feedback (also known as pole 
placement), and so forth. Feedback attitude control indicates a control algorithm 
that uses the complete attitude quaternion, and possibly also attitude rates of the 
spacecraft for the control loop. Therefore, Rhumb Line slew is not a rigorous 
Closed-loop algorithm though it uses feedback as the trigger of firing thruster 
from a Sun sensor. However, the feedback in Rhumb Line slew does provide a 
better robustness than other algorithm choices and make RL not that sensitive to 
the perturbations in the spin rate as well as the error of initial attitudes. It also 
confirms the necessity to develop feedback slew algorithms for spinning 
spacecraft.  
In a narrow sense, the variable in closed-loop control is measured and 
compared with a target value. This difference between the actual and desired 
value is called the error. The closed-loop control manipulates an input to the 
system to minimize this error, which is illustrated in Figure 2.12. 
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Figure 2.12: Illustration of closed-loop control 
This type of closed-loop controller is especially suited to deal with minor 
disturbances on the system as they can detect a digression of the reference path 
and take corrective action accordingly. There are several strategies for the 
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calculation of this corrective action, giving several types of closed-loop feedback 
controllers. The most well-known control mechanism (controller) is the 
Proportional-Integrative-Derivative (PID) control as explained in Ogata [33]. A 
PID controller calculates an "error" value as the difference between a measured 
process variable and the desired set-point. The PID controller calculation 
algorithm involves three separate constant parameters and is accordingly 
sometimes called three-term control: the proportional, the integral and derivative 
values, denoted P, I, and D respectively. 
There are several other strategies for the calculation of this corrective action, 
giving several types of feedback controllers. Some of the most widely used ones 
are Model Predictive Control (MPC) as explained in [34][35], and H-infinity 
control as explained by Leigh [36]. 
There is a vital problem faced with PID controllers and other feedback 
controllers that they are linear. Their performance in non-linear systems is 
variable. The dynamics of a spinning spacecraft is a highly non-linear system 
plant [37]. According to Wang [38], only for the deviation not too much from the 
reference, the dynamics of the spinning body can be treated as close to a linear 
one. That’s the reason why closed-loop control always deals with minor 
disturbances and attitude stabilization.   
Non-linear control systems use specific theories (normally based on Aleksandr 
Lyapunov's Theory) to ensure stability without regard to the inner dynamics of 
the system. The possibility to fulfil different specifications varies from the model 
considered and the control strategy chosen. There are several well-developed 
techniques for analysing nonlinear feedback system, such as Describing function 
method [39], Phase plane method [40] and Lyapunov stability analysis [41]. 
Control design techniques for nonlinear systems also exist. These can be 
subdivided into techniques which attempt to treat the system as a linear system in 
a limited range of operation and use (well-known) linear design techniques for 
each region, such as Feedback linearization [42] (e.g. applied by Choi in [43]). 
Other designing methods are mostly based on Lyapunov theory such as Lyapunov 
redesign, Backstepping method [44], [45], etc. 
The main precondition for closed-loop feedback control is the availability of 
complete attitude feedback. Complete attitude determination for the spacecraft 
requires additional sensors and a sensor fusion algorithm. Candidate sensor 
packages are e.g. the combination of a Sun sensor and a horizon sensor, which 
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does require the penetrator to be in sunlight, or a star tracker. Accuracy can be 
improved by adding an IMU, at the cost of added complexity. The standard sensor 
fusion algorithms used is an Extended Kalman Filter (EKF), several flavours of 
which are discussed in Crassidis et al. [46] . An EKF version specific for spin-
stabilised spacecraft is the SpinKF detailed in Markley and Sedlak [47]. The 
attitude determination method will be illustrated in Appendix A. 
 
2.11 Summary of State-of-the-art Slew 
Algorithms 
In this chapter, state-of-the-art slew algorithms for spinning spacecraft are 
discussed. The algorithms can be categorised by working principle: Half-cone 
derived or Pulse-train. Except for Rhumb Line slew, all slew algorithms 
mentioned above are open-loop algorithms. The existing trade-off analysis [14] 
indicates that Half-Cone derived algorithms have better slew performance overall 
when perturbations are not applied. However, these algorithms are extremely 
sensitive to spin-rate perturbations. 
The improvement of slew performance of Rhumb Line and Spin Synch slew 
has not been obviously witnessed over years. It is of great interest to develop 
feedback slew algorithms based on Half-Cone derived algorithms from the slew 
performance and robustness concern. 
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Chapter 3  
Novel Feedback Slew Algorithms 
Using Single Thruster 
The existing research reveals the sensitivity of open-loop half-cone family 
slew algorithms over spin rate perturbations. Feedback slew algorithms design is 
motivated since attitude feedback is believed to improve the robustness of the 
control system. In this chapter, some mathematical background is introduced 
firstly for the convenience of describing the algorithms. The feedback slew 
control schemes are also introduced. Then two novel feedback slew algorithms 
using single thruster are introduced: Feedback Half-Cone Slew and Feedback 
Sector-Arc Slew, followed by slew performance simulations of these newly 
developed algorithms. 
3.1 Mathematical Background 
In order to illustrate state-of-the-art slew algorithms and feedback algorithms 
using single-thruster, some of the mathematical backgrounds are required and 
help to understand the algorithms better. This section describes the reference 
frames, attitude kinematics, and dynamics for spinning rigid. 
3.1.1 Reference Frames 
Attitude orientation is always defined with respect to a certain reference fame. 
Usually, the reference frame is defined with the spacecraft body orientation, 
flying directions and the Inertial Reference. However, Earth’s magnetic field is 
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also taken into account sometimes when dealing with magnetic attitude control in 
Chapter 5. In order to specify the orientation of the spacecraft and its position 
during the orbiting, coordinate systems definitions are given first. For a more in-
depth review of the mathematical basis behind reference frames, see Wie [48], 
Section 1.1 to 1.2. 
3.1.1.1 Spacecraft Fix Body (SFB) Frame  
SFB fixes its origin at spacecraft centre of mass. For a prolate spinner, Z axis 
is defined as its spin-axis while X and Y axes are normal to Z axis and form right-
handed orthogonal coordinate system. Within SFB frame, the inertia properties 
can be easily obtained and are constant in most cases. It is used to describe 
spinning spacecraft’s dynamics. 
 
Figure 3.1: Spacecraft Fixed Body (SFB) Frame 
3.1.1.2 Earth-Centred Inertial (ECI) Frame 
ECI coordinate frame has its origins at the centre of mass of the Earth. Its Z 
axis is along the spin axis of the Earth, pointing to the North Pole. Its X axis points 
to the vernal equinox, where the ecliptic crosses the equator going from south to 
north. Y axis forms the right-handed principle with Z and X axes.  
CHAPTER 3. NOVEL FEEDBACK SLEW ALGORITHMS USING 
SINGLE THRUSTER 
 
29 
 
 
Figure 3.2: Earth-Centred Inertial (ECI) Frame 
3.1.1.3 Reference Inertial (RI) Frame 
Reference Inertial frame is a pseudo-inertial reference frame with its origin in 
the spacecraft’s centre of mass.  Axes of RI are aligned with the ECI frame. 
3.1.1.4 Earth-Centred Earth-Fixed (ECEF) Frame 
The ECEF coordinate system rotates with the Earth around its spin axis and 
has the following definitions: the origin is located at the centre of the Earth; the 
Z-axis is along the spin axis of the Earth, pointing to the North Pole; the X-axis 
intersects the sphere of the Earth at 0º latitude and 0º longitude; the Y –axis is 
orthogonal to Z and X axes with right-hand principle. In this paper, this coordinate 
is used to describe the sub-satellite points’ location. 
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Figure 3.3: Earth-Centred Earth Fixed (ECEF) Frame 
3.1.1.5 Spacecraft North-East-Down (Spacecraft NED) Frame  
The spacecraft NED frame is associated with the spacecraft. Its origin is 
located at the centre of mass of the spacecraft; the X-axis points toward the 
ellipsoid north (geodetic north); the Y-axis points toward the ellipsoid east 
(geodetic east); the Z-axis points downward along the ellipsoid normal. This 
coordinate system is frequently used to describe spacecraft local magnetic field. 
 
Figure 3.4: Spacecraft North-East-Down (Spacecraft NED) Frame 
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3.1.2 Attitude Kinematics 
Attitude kinematics theory aims to describe the object's attitude as a function 
of time and angular velocity in one coordinate frame. First of all, the question 
should be posed how the attitude is expressed mathematically. There are a number 
of methods for that, such as Euler angles, rotation matrices, attitude quaternions 
and Gibbs parameters. The first three are widely used in practice and the 
following sections will discuss them in detail. For an in-depth illustration of these 
attitude expression method, see Sidi [49], Chapter 4.7.  
3.1.2.1 Rotation Matrices 
A Rotation Matrices (also called Direct Cosine Matrix, or DCM) is commonly 
used to described the relative attitude between two different reference frames (e.g. 
the SFB and RI frames) defined in a three-dimensional space. This square 3 × 3 
matrix is used to express the rotation required to align the first frame with the 
second. This kind of matrices is useful in obtaining the coordinates of a vector 
relative to the second frame when it is given in the first frame. 
The rotation matrix is also one format of attitude. Though it contains nine 
elements in each, these elements can be reduced to three independent variables, 
which is easy to be understood for a 3-D attitude. However, a matrix is not very 
understandable from a non-professional person’s point of view.  
The rate of change of the DCM over time is a function of the angular velocity
ω . It can be shown that this relation is given by Equation (3.1). Combining this 
kinematic equation with the attitude dynamics equation gives a set of equations 
for the change in attitude over time as a result of disturbance torques. This set can 
then be integrated to obtain an equation for the attitude at any time. Numerical 
integration tends to be the only possible option in most cases, but special cases 
may allow analytical integration.  
 
0
( )
( ) 0
0
z y
z x
y x
d DCM
DCM
dt
 
 
 
 
 
  
  
 (3.1) 
3.1.2.2 Euler Angles 
Euler angles give the clearest view of the relative attitude and the rotation 
between two frames. The Euler angles are defined as the rotation angles around 
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the body axes as follows: the roll angle   around X-axis, the pitch angle  around 
Y-axis and the yaw angle around Z-axis. As stated in 3.1.2.1, only these three 
independent variables are required to define the rotation matrix. However, 
different rotation orders give different rotation matrices. Usually, a rotation 
matrix is set up by imaging a sequence of rotations such as yaw-pitch-roll, also 
called a 3-2-1 rotation sequence. It means that a pure yaw motion is performed 
first, then pure pitch, the pitch roll. The DCM for 3-2-1 rotation is given by 
Equation (3.2). 
321( )
cos cos cos sin sin
cos sin sin sin cos cos cos sin sin sin sin cos
sin sin cossin cos sin cos cos sin sin cos cos
DCM
    
           
          
 
 
    
    
  (3.2) 
  The kinematic equation for the 3-2-1 rotation sequence relates the time rate 
of change of the Euler angles yaw ( ), pitch ( ) and roll ( ) to the angular 
velocity ω and is given by Equation (3.3). These kinematic equations have a 
singularity at 90  . This singularity can be avoided by switching to a different 
rotation sequence when in the vicinity, but this only moves the singularity 
somewhere else. 
 
( sin cos ) tan
cos sin
( sin cos )sec
x y z
y z
y z
      
    
     
  
 
 
 (3.3) 
The advantages of Euler angles are that they are easy to understand and present 
fewer variables to compute than a rotation matrix. The disadvantage of this 
representation is the fact that when computing the rotation matrix starting from 
Euler angles, trigonometric functions (sine, cosine etc.) need to be used, requiring 
additional computing effort. Furthermore, when inverting the calculation 
singularities will occur for some certain attitude. The last not the least, different 
rotation sequences give different Euler angles for the same rotation matrix. 
3.1.2.3 Quaternions 
Quaternions are introduced to eliminate the singularities and ambiguities 
caused by using Euler angles. An attitude is represented by four elements 
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constituting a four-element unit vector q . The underline is chosen here to 
differentiate this four-element vector from the three-element vectors as force, 
torque, velocity etc. The definition of quaternions uses the Euler eigenaxis 
theorem, which states that any change in attitude in a 3-D space can be 
represented by one rotation axis, the Euler eigenaxis, in combination with the 
angle of rotation around this axis. There are four variables which can be obtained 
from such a representation: the 3-element unit vector 1 2 3[( , , )]e e e pointing the eigen-
axis and the angle of rotation . A mathematical rearrangement of these variables 
yields the four-element quaternion: 
 
1 1
2 2
3 3
4
sin( / 2)
sin( / 2)
sin( / 2)
cos(( / 2))
q e
q e
q e
q




   
   
    
   
   
  
q  (3.4) 
Of these four elements, 1q , 2q , 3q  are called the imaginary components and 4q  is 
called the real component of the quaternion. Sometimes, the real part 4q is defined 
as the first element of the quaternion. 
When the angular velocity vector [ , , ]
T
x y z  ω is known, the rate of the 
quaternion can be expressed as in Equation (3.5): 
 
 ?̇? =
1
2
Ω𝒒 =
[
 
 
 
 
0 𝜔𝑍 −𝜔𝑦 𝜔𝑥
−𝜔𝑍 0 𝜔𝑥 𝜔𝑦
𝜔𝑦 −𝜔𝑥 0 𝜔𝑍
−𝜔𝑥 −𝜔𝑦 −𝜔𝑍 0 ]
 
 
 
 
𝒒 (3.5) 
Square brackets around a quaternion  q denote the quaternion is converted to 
its corresponding 3x3 DCM using Equation (3.6). 
 
 
2 2 2 2
1 2 3 4 1 2 3 4 1 3 2 4
2 2 2 2
1 2 3 4 1 2 3 4 2 3 1 4
2 2 2 2
1 3 2 4 2 3 1 4 1 2 3 4
( )
2( ) 2( )
2( ) 2( )
2( ) 2( )
DCM
q q q q q q q q q q q q
q q q q q q q q q q q q
q q q q q q q q q q q q

     
 
       
 
       
q q
 (3.6) 
Equation (3.6) indicates that the calculation of the rotation matrix using 
quaternions only involve the basic addition, subtraction and multiplication. This 
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is a computational benefit compared to the Euler angles, which require the 
trigonometric functions. 
 
3.1.3 Attitude Dynamics of a Generic Rigid Body  
The general equation of attitude dynamics for a rigid spacecraft are given by 
the Euler’s moment Equation (3.7), according to Sidi [49]: 
 I I  τ ω ω ω  (3.7) 
where: 
• 𝐼 is the moment of inertia matrix in SFB; 
• [ , , ]
T
x y z  ω  is the angular velocity vector of SFB with respect to RI, 
expressed in the SFB frame, and ω is its time derivative. 
• [ , , ]
T
x y z  τ is the vector of external torques expressed in the SFB frame. 
For the moment of inertia, it has varied definitions. It could mean area moment 
of inertia in the structural analysis as illustrated by Meriam and Kraige [50], but 
in this thesis and research, it is referred to the mass moment of inertia. In case 
the SFB axes coincide with the principal axes of inertia, the inertia matrix 𝐼 is a 
diagonal matrix and the vector Equation (3.7) could be converted to the set of 
scalar Equations (3.8) according to Sidi [49]. 
 
( )
( )
( )
x x x y z y z
y y y z x z x
z z z x y x y
I I I
I I I
I I I
   
   
   
  
  
  
 ( 3.8) 
3.1.4 Attitude Dynamics of Spinning Body  
If assuming the body to be in a pure spin around the Z-axis, with x and y
small enough (with respect to z ), their product can be negligible. And if there 
are no external torques applied to the body ( 0x y z     ), the set of Equations 
(3.7) can be converted to: 
 
y z
x y z
x
I I
I
  
 
   
 
  (3.9) 
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z x
y z x
y
I I
I
  
 
  
 
 
 (3.10) 
 0z   
 (3.11) 
 Equation (3.11) indicates that the spin rate z is constant under the 
assumption. With this fact in obtaining the derivative of x from Equation (3.9) 
gives: 
 
y z
x y z
x
I I
I
  
 
   
 
 (3.12) 
Combining Equations (3.10) and (3.12) gives: 
 
2y z z x
x x z
x y
I I I I
I I
  
   
     
  
 (3.13) 
Equation (3.13) is a second order linear ordinary differential equation (ODE) 
in 𝛿𝜔𝑥 . The typical solution method for this kind of ODE is to perform the 
Laplace transform (see [52] for detailed illustration) on both sides, giving: 
 
 
2 2 0
y z z x
z
x y
I I I I
s
I I

   
     
  
 (3.14) 
Equation (3.14) gives three possible scenarios: 
(a) 
2
( ) ( )
0
y z z x
z
x y
I I I I
s s i
I I

 
     
In this scenario, the solution in the time domain is shown in Equation   
(3.15) and indicates a harmonic undamped free oscillation. 
 0 0
( ) ( )
cos
y z z x
x z
x y
I I I I
t
I I
   
  
  
 
 
  (3.15) 
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where 0 and 0 are defined by the initial conditions, and a similar identical 
equation can be drawn for y . 
(b) 
2
( ) ( )
0
y z z x
z
x y
I I I I
s s
I I

 
    
Scenario (b) corresponds to an exponentially increasing solution for x and y , 
and violates the assumption that x and y  are small; the solution is therefore no 
longer valid once their order of magnitude becomes comparable to z .It is 
interesting to note that this happens in the two distinct cases when the spin axis is 
the axis of the intermediate moment of inertia. In other words, an intermediate 
axis of inertia spin is unstable, while minor or major moment of inertia axis spins 
are stable for a rigid spacecraft. 
(c) 2 0s   
It is possible only if 0z  , z yI I or z xI I  which invalidates the initial 
assumption that x and y  are small enough compared to z . 
3.1.5 Axisymmetric Spinning Rigid Body 
Most spinning spacecraft are designed axisymmetric or nearly axisymmetric. 
It is also can be described as x y tI I I   where tI is called the transverse moment 
of inertia. It is assumed that the body is in pure spin around its symmetry axis (Z). 
To shorten the notations, the parameter   as the ratio of inertias is defined: 
 
z
t
I
I
    (3.16) 
With the definition (3.16), the Equations (3.9) ~ (3.11) can be simplified into: 
 
(1 )
(1 )
0
x y z
y z x
z
   
   

 
 

  (3.17) 
As there is no really intermediate moment of inertia due to the symmetry, the 
reduced notation for harmonic oscillator is: 
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0 0
0 0
0
( ) cos (1 )
( ) sin (1 )
( )
x z
y z
z z
t t
t t
t
    
    
 
    
    

  (3.18) 
where 0 and 0 are defined by the initial conditions and 0z  is the constant spin 
rate. 0 is the initial deviation (in the XY-plane) from a pure Z-axis rotation: 
2 2
0 XY x y      . 
The angular momentum is defined as Equation (3.19) and constant in the 
inertial frame without external torques. In XY-plane there is a relation that
XY t XYIH ω , XYH is the angular momentum’s projection in XY-plane. Equation 
(3.19) also indicates that the spin axis 𝑍, 𝐻and 𝜔 are coplanar. 
 IH ω   (3.19) 
ω can also be expressed in Z and H-components. Figure 3.5 sketches the plane 
defined by 𝑍 , 𝐻  and 𝜔 . 𝜔 is geometrically decomposed into two sets of 
component vector: 
1. Zω and XYω  (perpendicular to each other) 
2. Nω and Hω (not perpendicular-the enclosed angle is defined as the nutation angle 
 ) 
In both cases, ω is the vector sum of its two components. 
The following formulas can be constructed for the nutation angle   when 
looking at the triangle formed by H and z zI  : 
 tan( )
t XY
z z
I
I



   (3.20) 
 sin( )
t XYI  
H
 (3.21) 
 cos( )
z zI  
H
  (3.22) 
where H  is the magnitude of the angular momentum vector 𝑯. 
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Figure 3.5: Z-H plane  
Projecting ω on H  gives: 
 sin( )
XY
H



    (3.23) 
Substituting the value for sin( ) in the previous Equation (3.21) and solving for 
H gives: 
 
cos
XY z
H
t XY tI I
 

 
  
H H
 (3.24) 
Equation (3.24) is Equation 16-67a of Wertz [53],which is called the inertial 
nutation rate. It is the angular velocity of the Z-axis around the angular 
momentum vector H , which is fixed in the inertial space. 
A similar approach is used to calculate N , the projection of 𝜔 on Z parallel to 
H . As a result: 
 tan( )
XY
z N


 


 (3.25) 
Substituting the value for tan( )  found in Equation (3.20) and solving for N
gives: 
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 1 (1 )zN z z
t
I
I
   
 
    
 
  (3.26) 
Equation (3.26) conforms to Wertz [53] ’s Equation 16-59b and is called the 
body nutation rate. It is actually the angular velocity of a point fixed to the body 
around the Z-axis relative to the Z-H reference frame.  
3.2 Proposed Control Scheme 
As mentioned in Section 2.10, in practical space applications, spin-rate 
perturbation exists all the time; however, all open-loop half-cone derived 
algorithms show great sensitivity to the spin-rate perturbation [16].  
The reason of the high sensitivity is that the half-cone family algorithms 
mentioned in Chapter 2 depend on the single thruster firing at the pre-calculated 
timing when the thrust can be generated in specialised directions. When a tiny 
spin-rate perturbation exists, the thruster will be fired in a biased orientation and 
result in the wrong intermediate angular momentum. This error will totally 
change the trajectory of the spin-axis and the slew result will be far from predicted. 
This is also the major drawback of open-loop half-cone family algorithms that 
they have very restricted requirement of slew parameters’ accuracy. Similarly 
spin-rate perturbations, thruster firing time error and inertia modelling error will 
also greatly influence the slew accuracy. Therefore, novel Feedback Half-Cone 
algorithm and Sector-Arc Slew algorithm with attitude and spin-rate feedback are 
motivated and proposed in this chapter. 
Applying feedback control for spinning spacecraft requires a clear vision of 
the scheme. Detailed control mechanisms are described to provide convenience 
and guidance for later algorithms design. The design schemes can be extended in 
these two ways: 
3.2.1 Hybrid Slew Control 
In this scheme, a Sector-Arc Slew is combined with other algorithms to form 
a hybrid slew control scheme. Attitude feedback is introduced after the first partial 
cone of Extended-half-cone slew, the first half cone of Dual-Cone slew or the 
second last half cone of the Multi-Half-Cone slew. After the attitude information 
is obtained, the rest of the slew will be finished by a Sector-Arc slew based on 
the feedback attitude and the target spin-axis attitude. Since two different slew 
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algorithms are combined in one attitude manoeuvre, this slew scheme is named 
Hybrid Slew Control. 
Except for Half-Cone slew and Sector Arc Slew, other Half-Cone derived 
family algorithms are all indicating a series of action in the entire slew. For these 
algorithms, all the slew parameters have very clear definition and well pre-
calculated. It means that if there is a change of slew parameters in the middle of 
the slew, the proposed slew is not likely to be finished. Since high-level 
algorithms as the Extended-half-cone and Dual-Cone slew have very clear 
defined phases and pre-calculated slew parameters, accurate slew can hardly be 
achieved when there is a slew error founded for the first partial cone or first cone. 
The slew parameters are not easily adjusted to achieve the final slew target if 
continuing the Extended-half-cone or Dual-Cone. In this scenario, the second 
phase is proposed to be replaced by a Sector-Arc slew due to its advantages of 
accuracy[14]. Sector-Arc will also simplify the second phase since it is the fasted 
slew method and consists of only two impulses. 
(1) Extended Half Cone -Sector Arc Slew scheme 
Figure 3.6 illustrate an Extended-Half-Cone combined with a Sector-Arc slew 
for the replacement of the second partial cone. The entire slew follows these steps: 
1. An Extended-Half-Cone slew is calculated based on the original spin-axis 
attitude and target attitude. 
2. The Extended-Half-Cone slew is performed and ceases at the ending of 
the first partial cone after two impulses. 
3. Attitude measurement takes place and feedback to the system. 
4. A Sector-Arc slew based on the current and target attitude is then 
calculated and replaces the second partial cone of Extended-half-cone. 
5. The cancellation impulse is applied and stops the entire slew. 
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Figure 3.6: Modification of EHC according to attitude feedback 
In Figure 3.6, the orange solid line is the trajectory of the spin-axis. The yellow 
dashed line is the imaginary trajectory of the spin axis of the second halfcone for 
Extended Half Cone slew. The blue and black solid line is the trace of angular 
momentum during the slew. The blue dashed line is the imaginary trajectory of 
the angular momentum of the second halfcone for Extended Half Cone slew. 
It is very interesting to note that the two partial cones in original Extended-
Half-Cone slew are actually two Sector-Arc Slews. The feedback attitude at the 
end of the first partial cone gives the slew algorithm a chance to reschedule the 
trajectory of spin-axis attitude and to pursue more accurate slew performance. 
(2) Dual Cone -Sector Arc Slew scheme 
Figure 3.7 shows how a Sector-Arc slew replaces the second half-cone in a 
Dual-Cone slew. The slew steps are similar to those of Extended-Half-Cone slew 
case. The difference is that a Sector-Arc slew based on the attitude feedback at 
the end of the first halfcone replaces the second half-cone case. 
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Figure 3.7: Modification of DC according to attitude feedback 
In Figure 3.7, the orange solid line is the trajectory of the spin-axis. The yellow 
dashed line is the imaginary trajectory of the spin axis of the second halfcone for 
Dual Cone slew. The blue and black solid line is the trace of angular momentum 
during the slew. The blue dashed line is the imaginary trajectory of the angular 
momentum of the second halfcone for Dual Cone slew. 
(3) Multi-Half-Cone -Sector Arc Slew scheme 
Multi-Half-Cone also can introduce attitude feedback in this way. Attitude 
measurements can take place at the end of every half-cone. However, due to the 
characteristics and performance of Sector-Art slew, the attitude determination at 
the end the second last half-cone is sufficient to provide the attitude feedback 
information to plan for the final Sector-Arc Slew. In this way, the calculation is 
the least and requires the least computing for hardware. It is shown as Figure 3.8. 
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Figure 3.8: Modification of MHC according to attitude feedback 
In Figure 3.8, the orange solid line is the trajectory of the spin-axis. The yellow 
dashed line is the imaginary trajectory of the spin axis of the second halfcone for 
Multi-Half-Cone slew. The blue and black solid line is the trace of angular 
momentum during the slew. The blue dashed line is the imaginary trajectory of 
the angular momentum of the second halfcone for Multi-Half-Cone slew. 
3.2.2 Feedback Adjusted Slew 
With the help of the attitude feedback and spin-rate feedback, this scheme will 
calculate the true angular momentum during the slew and predict the spin-axis 
attitude for following revolutions. When the predicted spin-axis attitude 
approaches towards the target direction, a special finishing mechanism will make 
an adjustment to the thruster firing epoch and the total amount of cancellation 
control torque.   
Different from Hybrid Slew Control, Feedback Adjusted Slew takes attitude 
feedback for each spin revolution during the slew other than one attitude feedback 
in the middle of the slew. This guarantees that Feedback Adjusted Slew has better 
feedback mechanism to make more accurate precession cancellation, which leads 
to less nutation error. As stated in Romano’s paper [54], final nutation 
cancellation plays a crucial part of spacecraft’s functioning. Lian [55] also 
discusses this issue and proposes another momentum transfer- based slew 
algorithm.  Feedback Adjusted Slew also uses basic Half-Cone Slew and Sector-
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Arc slew with only one partial cone during the slew other than higher level 
algorithms such as EHC, DC, which makes it easier to apply.  
In this PhD research, Feedback Adjusted Slew is chosen as the proposed 
control scheme and two novel feedback slew algorithms are developed based on 
this method, due to its accuracy and simplicity to implement. These two 
algorithms are named as Feedback Half-Cone Slew and Feedback Sector-Arc 
Slew, and the detailed illustration of these new algorithms is as follows. 
3.3 Feedback Half-Cone Slew 
Due to lack of attitude and spin-rate feedback, the spin-rate perturbation 
always leads to great deviation of the initial impulse’s direction, which results in 
large slew error or even the failure of the slew. The philosophy of Feedback Half-
Cone is to use the attitude and angular velocity feedback to adjust the timing and 
duration of the cancelation impulse based on Feedback Adjusted Slew Scheme, 
aiming at the smallest residual nutation error and angular momentum error.  
To achieve this goal, attitude feedback is taken by Sun sensor and horizon 
sensors calculated by Earth-width/Sun angle method. The spin-rate feedback is 
taken from on-board gyros. The attitude determination methods are detailed in 
Appendix A. 
The feedback is used for: 
(i) Estimation of the angular momentum 𝑯 during the precession 
(ii) Prediction of the spin-axis attitude of next two rotations of spacecraft.  
With the help of the angular momentum estimation and spin-axis attitude 
prediction, the cancellation impulse’s timing and duration can be calculated. The 
methods for 𝑯 estimation and attitude prediction are explained in the following 
sub-sessions. The flow-chart of Feedback Half-Cone slew can be seen in Figure 
3.9. 
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Figure 3.9: Flow-chart of Feedback Half-Cone slew algorithm 
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3.3.1 Angular Momentum Estimation 
This technique is crucial to the Feedback Half-Cone slew method since the 
entire slew is based on the precession around the angular momentum vector. Spin-
rate perturbations, inertia modelling error and thruster firing error will all cause 
great deviation of the angular momentum. Without knowing the true position of 
angular momentum, the cancellation impulse will result in a huge error and lead 
to the failure of the slew. 
In order to estimate the true angular momentum vector position, at least three 
determinations of spin-axis attitude during the slew are required. During the slew 
of precession, all these spin-axis attitude feedbacks are supposed to have an 
identical angular deviation with angular momentum vector as shown in Figure 
3.10. Three attitude feedbacks will result in two possible algebraic solutions for 
angular momentum. 
 
Figure 3.10: Angular Momentum Estimation 
After the spacecraft finishes at least 3 rotations of spinning during the 
precession, the angular momentum H can be estimated. The reason why at least 
3 spin revolutions are the time epoch chosen to estimate angular momentum is 
that the minimum number of previous spin-axis attitude to solve the three-
dimension H vector is three. Take n as the number of rotation. Since 𝑯𝑛 has the 
same angular deviations [56] with 𝒁𝑛−2, 𝒁𝑛−1, and 𝒁𝑛, as shown in Figure 3.10, 
following equations exist: 
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 2 1n n n n   H Z H Z  (3.27) 
 2n n n n  H Z H Z  (3.28) 
The dot product of 𝑯𝑛 with 𝒁𝑛−2, 𝒁𝑛−1, and 𝒁𝑛  describes 𝑯𝑛 has the same 
angular deviation with them. The magnitude of the vector can be written as: 
 2 2 2 0( )n nx ny nzH H H   H H  (3.29) 
𝑯𝑛 is a 3 × 1 column vector with three variable. These three variables of the 
vector can be solved by Equation (3.27) -(3.29) as a ternary linear equation set.  
Due to the quadratic characteristic of Equation (3.29), there will be two 
solutions for 𝑯𝑛. These two solutions take mirror-like positions to the spin-axis 
attitude feedbacks. With the limitation of the Half-cone method, the nutation 
angle is less than 90°, which means 𝑯𝑛 ∙ 𝒁𝑛 > ‖𝑯𝑛‖ ∙ ‖𝒁𝑛‖. This prior knowledge 
is used to eliminate the false solution. 
3.3.2 Spin-axis Attitude Prediction 
With the angular momentum estimation, the spin-axis attitude of the following 
spin revolutions can be predicted. It requires the spin-axis attitude of the current 
spin revolution and the previous one, and the angular momentum estimation made 
with the method mention in Section 3.3.1. The results of this prediction are the 
spin-axis attitude for the following two spin revolutions. This prediction 
contributes to the controller to acknowledge the right timing to perform slew 
cancellation.  
Here footnote ‘n’ is used to count the revolution number after the start of slew 
and define the normal vector of 1n nZ OH  plane as 1nN  (shown in Figure 3.11), 
which is calculated by the cross product of 𝒁𝑛−1 and 𝑯𝑛 : 
 1 1n n n  N Z H  (3.30) 
The normal vector nN  of n nZ OH plane is: 
 n n n N Z H   (3.31) 
Therefore, the estimated precession rate at the nth attitude measurement is  
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1
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( )
n n
H n
n
ang
t





N N
 (3.32) 
∆𝑡𝑛−1 is the time interval between n
th and (n-1)th  attitude measurements. The 
nutation angle n  is calculated by: 
 ,n n nang  H Z  (3.33) 
Then the estimated spin rate and the body nutation rate at that time are: 
 
( ) cos( )
( )
( ) (1 ) ( )
H n n
Z n
N n Z n
 


  

  
 (3.34) 
The estimated spin-axis attitude measurement will take place after: 
 
( )
n
N n
t


    (3.35) 
The next two attitude predictions are generated by rotation angles of n  and 
2 n around nH from nZ , where 
 
1
( )
[ sin( ),cos( )]'
2 2
[ sin( ),cos( )]'
n H n n
n n
n n
n n n n
t 
 
 


 


q H
q H
 (3.36) 
Therefore, the predicted spin-axis attitudes of next two measurements are: 
 
1
2 1
( )
( )
n n n
n n n
DCM Q
DCM Q



 
 
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Z Z
Z Z
 (3.37) 
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Figure 3.11: Spin axis attitude prediction  
3.3.3 Cancellation Impulse Timing and Duration 
After the nth spin axis attitude measurement is taken, if the next attitude 
prediction satisfies: 
 
1 1, ,n n t nang ang
 
 Z Z Z Z  (3.38)
 
We assume that the slew will be finished in the next spin revolution. There are 
two situations for the slew finale: 
a) * *1 2( , ) ( , )t n t nang ang    Z Z Z Z  
In this case, a cancellation pulse is required in the next spin period. See Figure 
3.12.  
The time interval ft between the final pulse and nth attitude measurement 
satisfies: 
 
( )
2 ( )
H n f
N n f
t
t
  
  
  
  
 (3.39)
 
Solving ft from Equations (3.39) gives: 
 ( ) 2 ( )H n f N n ft t         (3.40) 
  ( ) ( ) 2N n H n ft        (3.41) 
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
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
 (3.42) 
 
 
 
Figure 3.12: Final cancellation impulse illustration 
b) * *1 2( , ) ( , )t n t nang ang    Z Z Z Z  
In this case, repeat the attitude measurement in the next spin period and test 
for the condition as mentioned in Equation (3.38). 
3.4 Feedback Sector-Arc Slew 
Sector-Arc slew gives an additional degree of freedom over Half-Cone slew, 
and results in an improved slew performance since it can reach Half-cone slew’s 
unattainable slew angles within the range.  
Open-loop Sector-Arc Slew also has similar drawbacks as Open-loop Half-
Cone. This is because of the highly restricted requirement of slew input 
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parameters especially the spin-rate perturbations. This motivates to design a novel 
Feedback Sector-Arc Slew algorithm as a supplement of Feedback Half-Cone. 
Feedback Sector-Arc Slew follows the same philosophy of Feedback Half-
Cone Slew.  The two-pulse Feedback Sector-Arc Slew starts with initiation 
impulse as calculated in Section 3.3. After the initiation impulse is applied, the 
angular momentum 𝑯 is relocated off the plane of 𝑍0𝑂𝑍𝑡 , and the spin-axis 𝑍 
starts a precession around 𝑯 (see Figure 3.5). 
Then attitude and angular velocity measurements will take place, which 
provide the attitude information for angular momentum estimation and spin-axis 
attitude predictions for later spin revolutions, as illustrated in Section 3.2.  With 
the help of angular momentum estimation and spin-axis attitude predictions, the 
second impulse of SAS slew for precession cancellation will be calculated. 
3.5 Slew Performance of FHC and FSAS 
In this section, software simulations using MATLAB/SIMULINK are given 
to show the slew performance of these two novel feedback slew algorithms. The 
initial state of the spacecraft is a pure spin around its spacecraft fixed body frame 
(SFB) Z-axis and the SFB frame is coincident with the RI frame at this moment. 
The control diagrams can be seen in Appendix D. Table 3.1 defines the constants 
used during the simulation run. 
Each simulation will be compared on two main aspects: time and energy 
efficiency. Energy efficiency, translated to angular impulse in N·m·s, is chosen 
other than propellant consumption as the latter is dependent on several additional 
parameters, such as propellant characteristics, thruster performance, location and 
orientation. 
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Table 3.1: Nominal input parameters for simulations 
Input Parameters Value 
Mass M 15 kg 
xI  5.35416 kg·m² 
yI  5.35416 kg·m² 
zI  0.130 kg·m² 
Thruster position [0 0 -1] m 
Thruster direction [-1 0 0] 
Thruster max thrust 0.1 N 
Spin rate (around Z-axis) 0.2 rad/s 
Initial Euler angles [0 0 0] 
Target Azimuth angle t  0° 
Target Slew angle   90° 
 
3.5.1 FHC Performance 
The simulation results are presented as follows. Figure 3.13 displays the 
trajectory of the SFB Z-axis (solid red-yellow line) and angular momentum H-
vector (solid blue line) in the inertial frame, projected on a sphere with a unit 
radius around the origin. The axes have equal length units and it can be seen that 
the trajectory is nearly a half circle. It is also can be seen from the trajectory of 
H-vector that under the mechanism of slew cancellation described in Section 
3.3.3, the algorithm chooses the right time to generate the cancellation impulse to 
minimise the final nutation error, other than finishes the whole half-cone as in 
Half-Cone method in Figure 2.2. 
The target slew angle and nutation angle are related by 𝛽 = 2𝜃𝑡 = 90°. Due to 
the limitation on attainable nutation angles described in Equation (3.2), the closest 
attainable nutation angle is about 45.5°. The inertial nutation rate 𝜔𝐻 is then about 
0.0035 rad/s, leading to a total slew time around 950 seconds. The real slew time 
is 915.8 seconds, which is slightly shorter than what is supposed to take for a 
whole half-cone. The k-value corresponding to 𝜃 is 28, meaning the spacecraft 
should have made about 28.5 revolutions around its 𝑍-axis between the first and 
the cancellation angular impulse. The deviation between the final angular 
momentum and the target H-vector is 2.5643° and the final nutation error is 
1.3248°. 
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Figure 3.13: Z-axis and H-Vector trajectories in inertial space- FHC 
The angular momentum in RI frame is plotted in Figure 3.14 and the change 
of total impulse is shown in Figure 3.15. Through the entire slew, 0.0265 N·m·s 
of impulse from the thruster is consumed. 
 
Figure 3.14: Angular momentum in RI frame-FHC 
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Figure 3.15: Total angular impulse 
From Equations (2.2) to (2.3) it can be known that for smaller nutation angle 
𝜃  the total slew time increases but the angular impulse required decreases. As a 
consequence, the thruster firing duration 𝑡𝑓𝑑 decreases as well. 
3.5.2 FSAS Performance 
The first simulation uses a k-value of 13 and a nutation angle of 58.05° is 
calculated based on the SAS algorithm theory in Section 2.5. Note that the choice 
of k value must be smaller than k-value of Half-Cone slew for the same target 
angle due to its geometric features. Figure 3.16 displays the trajectory of the Z-
axis and angular momentum H-vector in the inertial frame. The axes have equal 
length units and it can be seen that the trajectory is less than half of a circle and 
forms a sector arc. The time required for this slew is about 440 seconds, less than 
half of the time required for Feedback Half-Cone slew. The total amount of 
angular impulse for this manoeuvre to be provided by the thruster is 0.0417 N·m·s, 
about 1.5 times of what is required for FHC. The deviation between the final 
angular momentum and the target H-vector is 3.2546° and the final nutation error 
is 3.1387° 
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Figure 3.16:  Z-axis and H-Vector trajectories in inertial space- FHC (k=13) 
The second simulation uses a k-value of 8 and a nutation angle of 67.81° is 
calculated. Figure 3.17 displays the trajectory of the Z-axis and angular 
momentum H-vector in the inertial frame. The axes have equal length units and 
it can be seen that the trajectory of H-vector is more deviated from the sector arc 
than that of the previous simulations. The time required for this slew is about 270 
seconds, less than two thirds of the time required for previous FSAS simulations. 
The total amount of angular impulse for this manoeuvre to be provided by the 
thruster is 0.0637 N·m·s, about 1.5 times of what is required for FSAS with k-
value of 13. The deviation between the final angular momentum and the target H-
vector is 4.4264° and the final nutation error is 4.2931°. 
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Figure 3.17: Z-axis and H-Vector trajectories in inertial space- FHC (k=8) 
Further simulations are done with Feedback Sector-Arc Slew for 90° spin-axis 
manoeuvre using a series of k-value. Note that the choice of k-value must be 
smaller than the corresponding k value for Half-Cone slew due to the geometric 
feature of Sector-Arc Slew, and it must be bigger than 4 since this attitude 
feedback algorithm has to take spin-axis attitude of at least 3 spin revolutions. 
Firstly, Figure 3.18 gives the relationship between calculated θ values and k- 
values. It can be seen from the figure that the θ value decreases with bigger k-
values. However, θ values would not decrease to 45.5° which is the required 
nutation angle for Half-Cone slew. When k picks the minimum number 4, θ value 
will be 77.6073°. The calculation of  𝜃 given k choice can refer section 2.5. 
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Figure 3.18: Calculated nutation angle θ vs k for FSAS 
In this thesis, “fuel consumption” is used to describe how much work has been 
done by the thruster’s torque. Figure 3.19 shows how much fuel is consumed 
during the slew for different k-values. It can be seen that required fuel reduced 
with bigger k values, especially when 4≤k≤10. The fuel consumption could reach 
0.1183 N·m·s for k=4 and be reduced to 0.0261 N·m·s when k=27. 
 
Figure 3.19: Fuel consumption during the slew vs. k FSAS 
It is also of great interest to observe how the slew performance of FSAS verses 
k-values. From Figure 3.20 it can be seen that generally both final angular 
momentum 𝛥𝐻 and residual nutation angle 𝛥𝑍 decrease with bigger k values, 
though for some k values exceptions are witnessed. These exceptions come with 
the numerical method used to calculate the Sector-Arc Slew parameters (for the 
details of how the numerical method is used for SAS calculation, please refer 
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Section 2.5 and Appendix D). For k=4, 𝛥𝐻  is up to 13.9794° and 𝛥𝑍  up to 
13.7217°. For k=27, 𝛥𝐻 is down to 0.6111° and 𝛥𝑍 down to 0.5301°. 
 
Figure 3.20: Slew error vs k for FSAS 
Finally, the total slew time is investigated and as the k stands for the spin 
revolution number, the relation between slew time and k is shown in Figure 3.21. 
For k=4, the slew time is only 142.0595 seconds and for k=27, the slew time is 
867.0119 seconds. 
 
Figure 3.21: Total slew time vs k for FSAS 
The detailed slew results for Feedback Sector-Arc Slew is listed in Table 3.2. 
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Table 3.2: Feedback Sector-Arc Slew performance for different k-values 
k-values Θ values 
fuel consum-
ption(N·m·s) 𝛥𝐻 𝛥𝑍 slew time  
4 77.60732° 0.118327 13.97938 13.72168 142.0595 
5 75.01546° 0.097138 10.93591 10.71746 173.6017 
6 72.51233° 0.082523 7.634599 7.460292 205.1117 
7 70.10859° 0.071858 7.539099 7.366600 236.6928 
8 67.81161° 0.063748 4.426445 4.293121 268.1668 
9 65.62681° 0.057388 5.730768 5.582061 299.7857 
10 63.55754° 0.052279 2.863415 2.750742 331.2361 
11 61.60576° 0.048098 2.451167 2.344177 362.7765 
12 59.77179° 0.044622 3.78243 3.659785 394.3987 
13 58.05469° 0.041697 3.254581 3.138710 425.9293 
14 56.4527° 0.039211 2.832432 2.722063 457.4598 
15 54.96358° 0.037082 2.490288 2.384278 488.9897 
16 53.58451° 0.035246 1.559478 1.464937 520.4774 
17 52.31272° 0.033656 1.974951 1.875747 552.0453 
18 51.14534° 0.032274 1.778873 1.682274 583.5698 
19 50.0797° 0.031073 1.274169 1.183856 615.0671 
20 49.11361° 0.030030 1.472253 1.379766 646.6092 
21 48.24523° 0.029126 1.351774 1.260951 678.1227 
22 47.47364° 0.028348 1.078316 0.990946 709.6174 
23 46.79877° 0.027686 1.160177 1.072000 741.1325 
24 46.22194° 0.027133 0.904786 0.819830 772.6115 
25 45.74623° 0.026686 1.301086 1.211451 804.1339 
26 45.37739° 0.026345 0.378314 0.299940 835.5325 
27 45.12519° 0.026114 0.611131 0.530081 867.0119 
 
It can be concluded that from these two simulations that with smaller k-value, 
shorter slew time is required but the total impulse cost increases due to the more 
deviated angular momentum H-vector. FSAS also performs greater slew accuracy 
with bigger k-values. When choosing the k value for Sector-Arc Slew and 
Feedback Sector-Arc Slew, there is a trade-off of slew time, slew accuracy and 
total impulse limitation. Note that the k-value for FSAS must be smaller than that 
of FHC slew.  
3.6 Summary 
In this chapter, mathematical background of the research is given firstly. 
Regarding the high spin-rate perturbation sensitivity, two feedback slew schemes 
are introduced, which are Hybrid Slew Control and Feedback Adjusted Slew. Due 
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to the simplicity of implementation, this research picks up Feedback Adjusted 
Slew and two novel feedback slew algorithms are developed, which are Feedback 
Half-Cone Slew and Feedback Sector-Arc Slew. Slew performance simulation 
results are finally given using MATLAB/SIMULINK. The simulation results 
show that Feedback Half-Cone Slew and Feedback Sector-Arc Slew are capable 
to conduct large angle spin-axis manoeuvres. For Feedback Sector-Arc Slew, the 
algorithm parameter, k (spin revolution number), has great influence over the 
slew performance. With greater k value, the slew is more precise, more fuel-
efficient, but takes longer time. 
 
 
 61 
 
Chapter 4  
Robustness Analysis on Feedback 
Half-Cone and Sector-Arc Slew 
 
This chapter will introduce and develop the mathematical basis for the 
robustness analysis of the single-thruster slew manoeuvres described in the 
previous chapters. In general, there are three approaches possible: pure numerical 
simulations, geometric approach or Taylor series approach [57] based on the 
geometric analysis. However, due to high nonlinearity and complexity of the 
dynamics model and control system, only numerical simulations are approached 
in this chapter. First of all, some assumptions, slew error definitions and 
simulation parameters are introduced. 
4.1 Assumptions and Simulation Parameters  
The following assumptions are made firstly: 
• The spacecraft is considered as a rigid body. 
• The spacecraft is axisymmetric; its symmetry axis is defined as the SFB Z-
axis. 
• The initial condition is a pure spin around the spacecraft’s symmetry axis. 
• The thruster is ideal, which means 
 Perfectly aligned with the body Y-axis; 
 No transient behaviour during on/off cycling; 
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 ‘Impulsive shot’ thrust pulse: the angular impulse is delivered 
instantaneously, similar to the impulsive shot-approach in orbit 
dynamics, where it is assumed that the V  for one orbit change is 
delivered in one instant. 
Slew accuracy is measured by the angular difference between the target 
attitude and the final attitude. However, the angular momentum is not always 
aligned with the spin axis attitude after the slew, so there is final precession 
around the final angular momentum for most cases. This is why the slew error is 
divided into two parts: angular momentum error angular H , the angle between 
target angular momentum 𝑯𝑡 and final angular momentum 𝑯𝑓, and the residual 
nutation angle Z , which is the angle between the final spin axis 𝑍𝑓  and 𝑯𝑓. See 
Figure 4.1. After the completion of the slew, these two errors are independent on 
the time. These are also the slew performance indexes used in Section 3.5.  
 
Figure 4.1: Accuracy: angular momentum error ∆𝐻 and residual nutation 
angle ∆𝑍  
Note that ∆H and ∆Z are all representing angular deviations and their units are 
degree. For the change of angular momentum, 𝛿𝐻 is used instead of ∆𝐻. 
Since the spin-axis may perform precession after the slew, it is also of great 
significance that the maximum and minimum spin-axis error to the target spin-
axis attitude 𝑍𝑡 are calculated. 
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 (4.1) 
Simulations were made using MATLAB Simulink. The initial state of the 
spacecraft is a pure spin around it SFB Z-axis and the SFB frame is coincident 
with the RI frame at this moment. Table 4.1 defines the constant used during the 
simulation. 
Table 4.1 Input parameters for simulations 
Input parameters Values 
Mass M 15 kg 
Ix 5.35416 
2kg m  
Iy 5.35416 
2kg m  
Iz 0.130
2kg m  
Attitude thruster position [0 0 -1] m 
Attitude thruster thrust direction [-1 0 0] 
Attitude thruster max thrust 0.1N 
Spin rate (around Z-axis) 0.2 rad/s 
Initial Euler angles [0 0 0] 
Target slew angle 90° 
 
4.2 Open-loop Half-Cone and Feedback Half-
Cone slew 
4.2.1 Slew Performance over spin-rate perturbations 
and a range of target slew angles 
Simulations are done to reveal the robustness of Open-loop Half-cone and 
Feedback Half-cone slew over-1% ~1% spin-rate perturbations and a range of 
target slew angles. Figure 4.2 and Figure 4.3 show the angular momentum error 
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 ∆𝐻 over spin-rate perturbation and a range of target slew angles. 
 
Figure 4.2:  𝛥𝐻 over 𝛥𝜔 and 𝛽 for OHC 
 
Figure 4.3: 𝛥𝐻 over 𝛥𝜔 and 𝛽 for FHC 
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It can be seen that even with -1%~1% spin rate perturbations, open-loop Half-
Cone slew results in over 40° of angular momentum error ∆𝐻 for different slew 
angles. For space missions, this scale of slew error is unacceptable and indicates 
the failure of slew. This is because open-loop Half-Cone slew cannot restrain the 
influence of spin-rate error over the thruster firing timing and this error 
accumulates over spin revolutions. 
With the help of attitude feedback, Feedback Half-Cone slew can reduce ∆𝐻 
to less than 5° when -1%~1% spin rate perturbations are applied, which is only 
about 8% of the error of Open-loop Half-Cone slew. For real space missions, 5° 
angular momentum error ∆𝐻 cannot be ignored but it can be reduced with further 
slew controls. Figure 4.3 proves that Feedback Half-Cone slew greatly improves 
the robustness of Half-Cone slew and provides reliable slew performance.  
It is also very interesting to witness that Feedback Half-Cone slew is more 
influenced by target slew angles than the spin-rate perturbations. On the other 
hand, Open-loop Half-Cone slew is extremely sensitive to spin-rate perturbations. 
The heaving and dipping trends of Figure 4.2 and Figure 4.3 seem to prove this 
fact. In order to further investigate this fact, we focus on Open-loop Half-Cone’s 
performance over a range of target slew angle 𝛽  values for certain spin rate 
perturbations. Figure 4.4 shows 𝛥𝐻 for OHC aiming different target angles at zero 
spin rate perturbation. 
 
Figure 4.4: 𝛥𝐻 for OHC aiming different target angles at zero spin rate 
perturbation 
In Figure 4.4, the zig-zag performance of Open-loop Half-Cone slew can be 
seen due to the Half-Cone method’s attainable angles, as detailed  in Section 2.2 
and Equation (2.2).  
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When 1% spin rate perturbation is applied to Open-loop Half-Cone slew, the 
corresponding variation in ∆H is as shown in Figure 4.5. 
 
Figure 4.5: 𝛥𝐻 for OHC aiming different target angles at 1% spin rate perturbation 
Similar trend of 𝛥𝐻 , varying over different target slew angles, is witnessed. 
Due to the existence of spin rate perturbation, ∆H can reach up to 60°. 
In order to look into this 𝛥𝐻 varying over different target slew angles feature 
for Feedback Half-Cone slew, simulations are done and the results are shown in 
Figure 4.6. 
 
Figure 4.6: 𝛥𝐻 for FHC aiming different target angles 
For zero spin rate perturbations, FHC still cannot guarantee less slew error due 
to its unique final impulse cancellation mechanism (see Section 3.3.3). However, 
FHC does provide a more robust slew performance for a range of spin-rate 
perturbations with acceptable slew error in ∆𝐻. 
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For Feedback Half-Cone slew, Half-Cone discontinuous attainable feature is 
observed as well. Since this variation is more obvious than ∆𝐻 over spin rate 
perturbations; the mesh pattern of Figure 4.3 can be explained. In the meanwhile, 
this variation for Open-loop Half-Cone is negligible compared with ∆H over spin 
rate perturbations, spin rate perturbation plays the major part for the  ∆H variation 
in Figure 4.2.  
It is also of great interest to look into how ∆H varies for a certain target slew 
angle of FHC since the plots of zero spin rate perturbation and 1% spin rate 
perturbation intersect several times in Figure 4.6. This means unlike Open-loop 
Half-Cone slew, Feedback Half-Cone slew may have some special slew features 
concerning spin rate 𝜔𝑍 and its perturbations. 
Figure 4.7 shows ∆H with -1% ~ 1% spin rate perturbations when the target 
angle is 90°. It can be seen that the minimum ∆H does not occur when spin rate 
perturbation is zero.  
 
Figure 4.7: FHC 𝛥𝐻 with -1% ~ 1% 𝜔𝑍 perturbations for 𝛽 = 90° 
Furthermore, more simulations have been done for FHC with even greater spin 
rate perturbation from -15% ~15% and the results are shown in Figure 4.8. 
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Figure 4.8: FHC 𝛥𝐻 with -15% ~ 15% 𝜔𝑍 perturbations for 𝛽 = 90° 
Figure 4.8 indicates the minimum ∆H point is slightly off the zero origin. But 
the overall trend of ∆H is still similar to that of Open-loop Half-Cone slew: with 
greater spin rate perturbations, greater ∆H will be witnessed. The reason why ∆H 
point is slightly off the zero origin is possibly due to final cancellation mechanism 
stated in Section 3.3.3. The key priority of final cancellation impulse firing is to 
minimize the final nutation angle ∆Z . Its ∆H results cannot be as linear as that of 
Open-loop Half-Cone slew shown in Figure 3.2.  
It is also encouraging to see that even with ±15% spin rate perturbations, ∆H 
is still constrained within 15°. It indicates that even dealing with extremely big 
spin rate perturbations, Feedback Half-Cone still can perform decent slew. 
Now it comes to the investigation of residual nutation angle, ∆Z . Figure 4.9 
and Figure 4.10 show the residual nutation angle ∆𝑍 for Open-loop Half-Cone 
slew and Feedback Half-Cone Slew over -1%~1% spin rate perturbations for a 
range of target slew angles. This slew performance indicates how much nutation 
there will be after the slew. 
It can be seen that even with -1%~1% spin rate perturbations, Open-loop Half-
cone slew results in over 40° of residual nutation error ∆𝑍  for different slew 
angles. For space missions, this scale of slew error is also unacceptable and 
indicates the failure of slew.  For this scale of residual nutation angles, the 
spacecraft will perform obvious nutation, which indicates the spacecraft is at an 
unstable state and some payloads (on-board camera for instance) may not 
function properly. 
CHAPTER 4. ROBUSTNESS ANALYSIS ON FEEDBACK HALF-
CONE AND SECTOR-ARC SLEW 
 
69 
 
 
Figure 4.9: 𝛥𝑍 over 𝛥𝜔 and 𝛽 for OHC 
 
Figure 4.10: 𝛥𝑍 over 𝛥𝜔 and 𝛽 for FHC 
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With the help of attitude feedback, Feedback Half-Cone slew can reduce ∆𝑍 
to less than 1.5° when -1%~1% spin rate perturbations are applied, which is only 
4% of the ∆𝑍 of Open-loop Half-Cone slew. It proves that Feedback Half-Cone 
slew greatly improves the robustness of half-cone slew and provides reliable slew 
performance.  
It is interesting to see that for ∆𝑍 concern, Feedback Half-Cone slew gives 
better slew performance over positive spin rate perturbations. Figure 4.11 
specifically gives ΔZ for FHC aiming different target angles with zero spin rate 
perturbation and 1% spin rate perturbation. 
 
Figure 4.11: 𝛥𝑍 for FHC aiming different target angles 
Figure 4.10 and Figure 4.11 do prove that in this range of spin-rate 
perturbations, 1% spin rate perturbation provides less ΔZ with Feedback Half-
Cone slew. It is also of great interest to look into how ΔZ varies for a certain target 
slew angle of FHC. 
Figure 4.12 shows ΔH with -1% ~ 1% spin rate perturbations when the target 
angle is 90°.  
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Figure 4.12: FHC 𝛥𝑍 with -1% ~ 1% 𝜔𝑍 perturbations for 𝛽 = 90° 
It can be seen that from Figure 4.12 that ∆Z  continuously decreases with 
positive spin rate perturbations and the trend of this looks linear. Now the 
question is at what spin rate perturbation the ∆Z will reach its minimum. In order 
to do so, more simulations are done for Feedback Half-Cone slew with -15% 
~15% spin rate perturbations targeting 90° of slew and the results are plotted in 
Figure 4.13. 
 
Figure 4.13: FHC 𝛥𝑍 with -15% ~ 15% 𝜔𝑍 perturbations for 𝛽 = 90° 
Within the range of ±15% spin rate perturbations, ∆Z reaches its minimum of 
zero at around 2.6% perturbation. The overall trend of ∆Z variation still indicates 
that with greater spin rate perturbations, higher ∆Z occurs. Even for the range of 
±15% spin rate perturbations,  ∆Z  is constrained under 5°. For positive spin rate 
perturbation, greater spin rate is indicated during the slew, which gives the slew 
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algorithms more chances to take attitude feedbacks and it helps the cancellation 
impulse mechanism in Section 3.3.3 align the final spin axis with final angular 
momentum vector better. From this aspect, it will contribute to the decrease of ∆Z 
value. 
However, this ‘benefit’ will not last if greater spin rate perturbation is applied, 
and great spin rate perturbation may also affect slew error in ∆𝐻 . The slew 
performance for this approach is an overall performance at both ∆𝐻 and ∆𝑍, 
The overall slew error can be seen in Figure 4.14 ~ Figure 4.17. Open-loop 
Half-cone has huge max over 80°. On the other hand, Feedback Half-cone 
controls the maximum slew error down to 6°. 
 
 
Figure 4.14: 𝜀𝑚𝑎𝑥 over 𝛥𝜔 and 𝛽 for OHC  
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Figure 4.15: 𝜀𝑚𝑎𝑥  over 𝛥𝜔 and 𝛽 for FHC 
 
Figure 4.16: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝛽 for OHC  
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Figure 4.17: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝛽 for FHC 
4.2.2 Slew Performance over spin-rate perturbations 
and range inertia ratios 
More simulations are done to reveal slew performance of Open-loop Half-
Cone and Feedback Half-cone slew over-1% ~1% spin-rate perturbations and a 
range of inertia ratios 𝜆. The simulation results of angular momentum error ∆𝐻 
can be seen in Figure 4.18 and Figure 4.19.  
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Figure 4.18: 𝛥𝐻 over 𝛥𝜔 and 𝜆 for OHC  
 
Figure 4.19: 𝛥𝐻 over 𝛥𝜔 and 𝜆 for FHC 
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It can be seen that even with -1%~1% spin rate perturbations, open-loop Half-
Cone slew results in over 40° of angular momentum error ∆𝐻 for different inertia 
ratios. With the help of attitude feedback, Feedback Half-Cone slew can reduce 
∆𝐻 to less than 6.2°   when -1%~1% spin rate perturbations are applied. 
From Figure 4.19, it can also be seen that spin rate perturbations no longer 
play the major part of the ∆𝐻 for Feedback Half-Cone slew. With greater spin rate 
perturbations, ∆𝐻  for Feedback Half-Cone slew does not increase greatly. It 
seems that Feedback Half-Cone slew is more easily influenced by the inertia ratio 
𝜆 values. 
Now it comes to the investigation of residual nutation angle ∆𝑍  for Open-loop 
Half-Cone and Feedback Half-Cone slew over spin rate perturbations and a range 
of inertia ratio 𝜆 values. The simulation results are plotted in Figure 4.20 and 
Figure 4.21. 
Figure 4.20 indicates for Open-loop Half-Cone slew, ∆𝑍 error could reach over 
40° with -1%~ 1% spin rate perturbations. It means for different inertia ratio 𝜆 
values, Open-loop Half-Cone still shows great sensitivity over spin rate 
perturbations and results in a large nutation angle after the slew. 
With the help of attitude feedback, Feedback Half-Cone greatly reduces the  
∆𝑍 error under its cancellation impulse mechanism, which aims to eliminate the 
final nutation as priority. For different inertia ratio 𝜆 values, ∆𝑍 of Feedback Half-
Cone slew doesn’t exceed 1.6°, which is almost negligible for most space 
applications.  
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Figure 4.20 𝛥𝑍 over 𝛥𝜔 and 𝜆 for OHC 
 
Figure 4.21:  𝛥𝑍 over 𝛥𝜔 and 𝜆 for FHC 
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From Figure 4.21, it also can be seen that mesh plot of  𝛥Z continuously 
descends to the right corner of the figure, which is towards greater spin rate 
perturbation and inertia ratio 𝜆 values. Figure 4.22 shows Feedback Half-Cone 𝛥Z 
performance at zero spin rate perturbation for a range of inertia ratio 𝜆 values. 
The plot shows a descending of stair-sharp of 𝛥Z  for greater values of inertia ratio 
𝜆. 
 
Figure 4.22: 𝛥𝑍 for FHC for different 𝜆 values with zero spin rate perturbation 
When it comes to 1% spin rate perturbation shown in Figure 4.23, 𝛥Z 
performance shows a more linear descending towards greater 𝜆 values. 
 
Figure 4.23: 𝛥𝑍 for FHC for different 𝜆 values with 1% spin rate perturbation 
In Section 4.2.1, it has been discussed that ∆Z continuously decreases with 
positive spin rate perturbations and the trend of this looks linear. 
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Figure 4.24 ~Figure 4.27 show the overall performance of Open-loop Half-
Cone and Feedback Half-Cone slew. 
 
Figure 4.24: 𝜀𝑚𝑎𝑥  over 𝛥𝜔 and 𝜆 for OHC  
 
Figure 4.25: 𝜀𝑚𝑎𝑥  over 𝛥𝜔 and 𝜆 for FHC 
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Figure 4.26: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝜆 for OHC  
 
Figure 4.27: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝜆 for FHC 
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It can be seen that Feedback Half-Cone slew greatly improves the slew 
robustness over spin-rate perturbations and a range of 𝜆  and overall slew 
performance. Open-loop Half-Cone has huge max over 80°. In the meantime, 
Feedback Half-Cone limits the maximum slew error down to 7°. 
Ups and downs can be seen in this set of simulations as well. That is due to the 
discontinuity of half-cone method itself, which is described in Section 3.2. 
 
 
4.3 Open-loop and Feedback Sector-arc slew 
4.3.1 Slew Performance over spin-rate perturbations 
and range of target slew angles 
Simulations are done to reveal the robustness of Feedback Sector-Arc slew 
over-1% ~1% spin-rate perturbations and a range of target slew angles. Firstly, 
the angular momentum error 𝛥H of Open-loop Sector-Arc and Feedback Sector-
Arc Slew are investigated. As stated in Section 3.5.2, spin revolution number 𝑘  
plays a great part of slew performance.  
In this section of simulations, 𝑘 of 13 is chosen. For the choice of k value, 
section 3.5.2 gives a comprehensive trade-off for this issue. Other k values may 
lead to different slew performance results. However, it won’t change the 
comparison between OSAS and FSAS. The simulation results for  𝛥H are 
presented in Figure 4.28 and Figure 4.29. 
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Figure 4.28: 𝛥𝐻 over 𝛥𝜔 and 𝛽 for OSAS  
 
Figure 4.29: 𝛥𝐻 over 𝛥𝜔 and 𝛽 for FSAS 
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For -1%~1% spin rate perturbation, Open-loop Sector-arc slew results in over 
40° of slew error in 𝛥H .  Open-loop Sector-Arc Slew still shows great sensitivity 
to spin rate perturbation. In space missions, 40° of slew error in 𝛥H indicates the 
slew fails and the target slew angle is not achieved. 
 Different from Open-loop Half-Cone and Feedback Half-Cone slew, Open-
loop Sector-Arc Slew does not show much variation over different target slew 
angles β with a certain spin rate perturbation. Since Sector-Arc Slew drives the 
angular momentum away from the plane of initial spin-axis and target spin- axis 
plane, which gives another degree of freedom of the slew, Sector-Arc Slew does 
not have the ‘attainable slew angle’ constraint problem as Half-Cone (see 
Equation (2.2)).  
A closer look of Open-loop Sector-Arc slew for different target slew angles at 
certain spin-rate perturbations is shown in Figure 4.30. 
 
Figure 4.30: 𝛥𝐻 for OSAS aiming different target angles at certain spin rate 
perturbations 
It can be seen from Figure 4.30 that 𝛥𝐻 does not show great variation over 
different target slew angles at both zero spin rate perturbations and 1% 
perturbations. However, for 1% spin rate perturbation, ∆H reaches up to 40°. 
For Feedback Sector-Arc Slew, ∆H seems to be influenced by both spin rate 
perturbations and target slew angles. A further investigation is made to reveal this 
phenomenon. Figure 4.31 shows ΔH for FSAS for different target angles at zero 
spin rate perturbation and 1% spin rate perturbation. It can be seen that for both 
spin rate perturbations, ΔH has minimum values at around 90° target slew angle. 
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Figure 4.31: 𝛥𝐻 for FSAS aiming different target angles at certain spin rate 
perturbations 
ΔZ performance is also simulated. Figure 4.32 and Figure 4.33 shows the ΔZ 
over spin rate perturbations and a range of target slew angles. As evident, for -
1%~1% spin rate perturbation, Open-loop Sector-Arc Slew results in over 40° of 
slew error for different slew angles. By introducing attitude feedback, Feedback 
Sector-Arc slew reduced the ΔZ down to 2.5°.  
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Figure 4.32: 𝛥𝑍 over 𝛥𝜔 and 𝛽 for OSAS  
 
Figure 4.33: 𝛥𝑍 over 𝛥𝜔 and 𝛽 for FSAS 
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It is worth mentioning that spin rate perturbation does not have great influence 
over ΔZ performance of FSAS similar to OSAS. Feedback control and 
cancellation impulse mechanism reduced the final nutation of slew. 
The overall slew error can be seen in Figure 4.34 ~ Figure 4.37.  
 
Figure 4.34: 𝜀𝑚𝑎𝑥  over 𝛥𝜔 and 𝛽 for OSAS  
 
Figure 4.35: 𝜀𝑚𝑎𝑥  over 𝛥𝜔 and 𝛽 for FSAS 
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Figure 4.36: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝛽 for OSAS  
 
Figure 4.37: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝛽 for FSAS 
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The maximum slew error for Open-loop Sector-Arc Slew can reach over 80° 
for 1% spin rate perturbation. In the meantime, the maximum slew error for 
Feedback SAS is only 6° when 1% spin rate perturbation.  
 
4.3.2 Slew Performance over spin-rate perturbations 
and range inertia ratios 
More simulations are done for open-loop SAS and Feedback SAS over-1% ~1% 
spin-rate perturbations and a range of 𝜆.  
Firstly, the simulation results of 𝛥H over spin rate perturbations and a range of 
inertia ratio 𝜆 values, shown in Figure 4.38 and Figure 4.39. 
It can be seen from Figure 4.38 that when ±1% spin rate perturbations are 
applied to the Open-loop Sector-Arc Slew, the angular momentum error 𝛥H will 
be almost 40°. However, for Feedback Sector-Arc Slew, -1% spin rate 
perturbation results in 𝛥H error less than 1.4° and 1% spin rate perturbation results 
in less than 0.8°.  
 
Figure 4.38: 𝛥𝐻 over 𝛥𝜔 and 𝜆 for OSAS 
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Figure 4.39: 𝛥𝐻 over 𝛥𝜔 and 𝜆 for FSAS 
Compared with Figure 4.19, Feedback Sector-Arc Slew seems to be less 
influenced by the variation inertia ratios. From Figure 4.39, it can be seen that 𝛥H 
barely varies with 𝜆.  
Figure 4.40 shows Feedback Sector-Arc Slew 𝛥H values over a range of 
inertia ratios at different spin rate perturbations. 
 
Figure 4.40:  𝛥𝐻 over a range of inertia ratios at certain spin rate perturbations 
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It can be seen from Figure 4.40 that no matter what the spin rate perturbation 
is -1%, zero or 1%, 𝛥H all smoothly descends with greater inertia ratio values. It 
also indicates that if greater positive spin- rate perturbation is applied, the less 𝛥H 
will be. 
Figure 4.41 and Figure 4.42 reveal the 𝛥Z performance for this simulation 
setup. 
 
Figure 4.41: 𝛥𝑍 over 𝛥𝜔 and 𝜆 for OSAS 
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Figure 4.42: 𝛥𝑍 over 𝛥𝜔 and 𝜆 for FSAS 
For Open-loop Sector-Arc Slew, 𝛥Z follows the same trend as 𝛥H of Open-
loop Sector-Arc Slew, which reaches it maximum values at -1% and 1% spin rate 
perturbations. For Feedback Sector-Arc Slew, 𝛥Z values decrease from 1.4° at -
1% spin rate perturbation to less than 0.4° at 1% spin rate perturbation. The 𝛥Z 
variation shows more linear descending with greater positive spin rate 
perturbations. It is believed that greater spin rate perturbations provide more 
chances for the controller to get attitude feedbacks, which helps the cancellation 
impulse mechanism to reduce the residual nutation error. 𝛥Z does not get much 
influence from the inertia ratios. 
The overall slew performance of Open-loop Sector-Arc Slew and Feedback 
Sector-Arc Slew is shown in Figure 4.43 ~ Figure 4.46. 
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Figure 4.43: 𝜀𝑚𝑎𝑥   over 𝛥𝜔 and 𝜆 for OSAS  
 
Figure 4.44: 𝜀𝑚𝑎𝑥   over 𝛥𝜔 and 𝜆 for FSAS 
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The maximum slew error for Feedback Sector-Arc Slew is reduced to less than 
2.5°, and the minimum slew error for FSAS is 0.33°. 
 
Figure 4.45: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝜆 for OSAS  
 
Figure 4.46: 𝜀𝑚𝑖𝑛 over 𝛥𝜔 and 𝜆 for FSAS 
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4.4 Comparison between Feedback Half-Cone 
Slew and Feedback Sector-Arc Slew for 
Large Perturbations 
Feedback Half-Cone slew and Sector-Arc Slew have greatly improved the 
slew robustness over spin-rate perturbations of -1%~1%. It is also of great interest 
to see how they perform over larger spin perturbations. Simulations are done for 
both slew algorithms with the spin-rate perturbation of -15%~15%, which is an 
extremely harsh situation for space missions. The results are shown in Figure 4.47 
and Figure 4.48. 
With this extreme perturbation, Feedback Half-Cone shows even better slew 
performance than Sector-Arc Slew when the perturbation is over 2%. That is 
because greater spin-rate perturbation has more influence over the numerical 
solutions of Sector-arc slew. Due to the complex numerical method (e.g. via the 
Newton Raphson method) used in Sector-Arc slew, Sector-Arc slew is more 
sensitive to large spin-rate error.  
 
Figure 4.47: 𝛥𝐻 Slew Performance over -15%~15% spin-rate perturbations for 
FHC and FSAS 
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Figure 4.48: 𝛥𝑍 Slew Performance over -15%~15% spin-rate perturbations for 
FHC and FSAS 
4.5 Summary 
In this chapter, thorough slew performance analysis over spin rate perturbation 
for Feedback Half-Cone Slew and Feedback Sector-Arc Slew are given. 
The simulation results show that Feedback Half-Cone Slew and Feedback 
Sector-Arc slew greatly improve the slew robustness over spin-rate perturbations. 
With the comparisons between these two novel slew algorithms, Feedback 
Sector-arc slew shows better robustness over spin-rate perturbations within -
2%~2%, while Feedback Half-Cone slew has better performance with spin rate 
perturbations over 2% due to the great influence of that over numerical method 
used by Feedback Sector-Arc Slew.  
In conclusion, the novel Feedback Half-Cone Slew and Feedback Sector-Arc 
slew algorithms greatly improve the slew performance over spin-rate 
perturbations.   
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Chapter 5  
Half-Cone Slew Algorithm Using 
Single Magnetorquer 
Low-mass prolate spacecraft such as nano-satellites can in principle benefit 
from single-thruster slew algorithms for attitude control. However, popular 
prolate nano-satellites such as multi-U cubesat are not normally equipped with 
thrusters due to size and mass constraints. The typical actuations onboard cubesat 
are magnetorquers and momentum wheels, etc. Magnetorquers offer sufficient 
control torque in Low Earth Orbits (LEO) and small volume, hence are widely 
used in cubesat missions, like STRaND-1.  
Magnetorquer based attitude control has been previously studied for spinners: 
in [58], Ergin and Wheeler introduced a general magnetic attitude maintenance 
method for spin axis that is normal to the orbital plane; work in [59] also presented 
a magnetic attitude control design for the axisymmetric spinner by pointing the  
spin axis normal to a highly eccentric orbit plane; in  [60] spin axis manoeuvre of 
the AMPTE (Active Magnetospheric Particle Tracer Explorers) is achieved using 
a series of time-tagged magnetic coil switching commands. These existing 
magnetorquer attitude control designs are only capable of maintenance the 
spacecraft’s spin axis at a specific orientation rather than performing large angle 
slew control of the spin axis.  
In this chapter, a novel half-cone algorithm based on single-magnetorquer for 
large-angle attitude manoeuvre is presented. It uses the magnetorquer along the 
spin axis of spacecraft to initiate and cancel the precession. The first magnetic 
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torque drives the angular momentum vector away from the initial spin axis and 
triggers the precession. The total change of the angular momentum is calculated 
by integration of the magnetic torque. The spin axis attitude and angular speed of 
spacecraft are measured right after the first actuation. The attitude measurement 
is used to calculate how long the precession time should be before the spin axis 
reaches the target orientation. When the slew approaches to the target position, 
the second magnetic torque (also known as the cancellation torque) is applied to 
cancel the precession. The algorithm design also offers solutions to ensure the 
spin axis aligns with the angular momentum vector at the end of the slew control. 
Due to the high nonlinearity of the spinning rigid body dynamics, it is not feasible 
to apply servo control. Unlike existing 3-axis stabilized attitude control [61], the 
proposed slew algorithm takes into account attitude feedback, but it is not strictly 
speaking a closed-loop control since it does not take continuous feedback to alter 
its control signal. 
Firstly, in this chapter, some physics background of magnetic field and 
magnetic control are given. 
5.1 Geomagnetic Field and Magnetic Torque 
5.1.1 Geomagnetic Field in Different Orbit 
According to Merrill [62], geomagnetic poles are the location of the earth 
magnetic dipoles on the surface of the Earth in which the line connecting the two 
locations intersects with the centre of the earth. In a simple explanation, these 
poles are located at two antipodal points on the surface of the Earth. The axis 
produced by this line is tilted about 11º from the Earth’s axis of rotation. However, 
the magnetic poles are slightly different in term of its exact location compared to 
the geomagnetic poles. These magnetic poles are two points on the Earth’s surface 
where the magnetic field is vertical and the locations do not have to be antipodal. 
The location of these poles varies over time. This difference can be referred to 
the following Figure 5.1 and Figure 5.2  produced by the British Geological 
Survey for the time between the year 1900 and 2015 [63]. 
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Figure 5.1 Positions of the north magnetic pole (left) and the geomagnetic pole 
(right) between 1900 and 2015 [63] 
 
Figure 5.2: Positions of the south magnetic pole (top) and the geomagnetic pole 
(bottom) between 1900 and 2015 [63] 
This information has been calculated from the 11th Generation International 
Geomagnetic Reference Field (IGRF). For a clearer reference, the location of 
these poles predicted for the year 2015 can be found in the following Table 5.1 
and Table 5.2. 
 
Table 5.1 Geomagnetic poles predicted location for the year 2015 [63] 
Geomagnetic poles 
North South 
Latitude Longitude Latitude Longitude 
80.36º N 72.62º W 80.36º S 107.38º E 
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Table 5.2 Magnetic poles predicted location for the year 2015 [63] 
Magnetic poles 
North South 
Latitude Longitude Latitude Longitude 
86.07º N 153.27º W 64.30º S 136.74º E 
 
The locations of the magnetic poles are still in motion. Zvereva [64] discusses 
the recent motion of magnetic poles. 
The use of magnetorquer indicates the slew control highly depend on the 
characteristics of the geomagnetic field. During the slew, the local geomagnetic 
field may vary resulting from the orbiting. Different spacecraft orbits conclude 
the different geomagnetic field variation. For the two limiting cases of satellite 
orbits, the magnetic field of equatorial and polar orbits are discussed in Wertz [53] 
and Westfall [65]. 
For an equatorial orbit, the magnetic field components are given by: 
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where GM is the strength of the geomagnetic dipole (
158.0 10 Wb m   ), R is the 
distance from the centre of the Earth to the spacecraft,
'
m is the colatitude of the 
dipole ( 168.6 ), 'v is the azimuth in the orbit plane of the spacecraft position 
vector measured from celestial x axis and m is the right ascension of the dipole 
axis: 
 0 0( )m m E t t      (5.4) 
where E is the Earth’s rotation rate and 0m m   at the reference time 0t . 
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Since
'sin 0.2m  and
'sin 0.2m  , zeqB is much greater than xeqB  and yeqB . 
Meanwhile, zeqB does not vary with the orbiting. 
For a polar orbit, the geomagnetic filed components are given by: 
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where  is the right ascension of the ascending node.  
For other orbits, the magnetic field characteristics are different.  High 
inclination Sun-synchronous orbits have similar features as polar orbits. 
5.1.2 Magnetic Torque 
The magnetic torque produced by a magnetorquer is the interaction between 
magnetic dipole and the surrounding magnetic field. In [59], for a single wire loop, 
the magnetic moment 𝒎 is given by: 
 IAm n   (5.8) 
where I is the current in wire loop, A is the wire loop enclosing area, and n is 
a unit vector normal to the plane of the loop. The direction of the magnetic 
moment is determined by the right-hand rule: the direction of the magnetic 
moment is the direction of the thumb of the right hand when the fingers of the 
right hand are cupped in the direction of the electric current of the loop. For the 
torquer coil of N turns, the superposition gives:  
 NIAm n  (5.9)  
Furthermore, the relationship between magnetic torque T and magnetic 
moment m is given by: 
  T m B   (5.10) 
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In Equation (5.10) B  is the surrounding magnetic field. 
In general, magnetic torque is produced when the magnetic dipole is trying to 
align itself with the surrounding magnetic field. In the case of a satellite, the 
solenoid on-board or the magnetorquer will produce a required torque when the 
current flowing through the coil is reacting with the surrounding Earth’s magnetic 
field. The comparison between thruster and magnetorquer is in Appendix B. 
 
5.2 Algorithm Identification and Development 
The single-magnetorquer slew algorithm is implemented following the 
sequence below. Here 𝑍0 is defined as the initial spin-axis attitude at the starting 
time 𝑡 = 𝑡0, 𝑍𝑖𝑛𝑡 is the immediate spin-axis and 𝑍𝑡 is the target spin-axis attitude. 
𝑡1𝑓 , 𝑡2𝑠 , 𝑡2𝑓  and ∆𝑡2  are the first actuation finishing time, the second actuation 
starting and finishing time and the second actuation duration respectively. 𝑡1,2 is 
the time interval between the mean time of second actuation 𝑡2 and the ending 
time of first actuation 𝑡1𝑓. 𝜉 is the second actuation timing adjustment coefficient.  
i. At 𝑡 < 𝑡0, the spacecraft is doing pure spin around its minor inertia axis 0Z
with the angular momentum vector H aligned with that.  
ii. At 𝑡 = 𝑡0, the magnetorquer mounted along the spacecraft spin-axis Z starts 
to work and generates a constant dipole magnet moment 𝒎 along spacecraft 
body Z axis. Its interaction with the geomagnetic field forms a magnetic 
torque applied to spacecraft, driving the angular momentum 𝑯 towards the 
target spin-axis attitude 𝑍𝑡  direction away from 𝑍0. The spin axis starts a 
precession around the immediate 𝑯. 
iii. At 𝑡 = 𝑡1𝑓 , when 𝑯 eaches the angular bisector of angle 𝑍0𝑂𝑍𝑡 
( 𝐻𝑖𝑛𝑡 direction), the magnetorquer stops working and ends the first 
magnetorquer actuation period. At this time, 𝐻𝑖𝑛𝑡 has an angular deviation 
from 𝑍0 with an angle of 𝜃, which is half of the total target slew angle 𝛽. 
Then the spacecraft performs a precession around 𝐻𝑖𝑛𝑡  with the angular 
velocity 𝜔𝐻. 
iv. At  𝑡 = 𝑡2𝑠 (𝑍𝑖𝑛𝑡 is close to 𝑍𝑡), the magnetorquer starts the second actuation 
period to drive the angular momentum 𝑯 towards  𝑍𝑡 from 𝐻𝑖𝑛𝑡. 
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v. At 𝑡 = 𝑡2𝑓 = 𝑡2𝑠 + ∆𝑡2, 𝑯 is supposed to aligned with spin-axis at 𝑍𝑡, and the 
magnetorquer stops working to finish the second actuation period. 
 
Figure 5.3: An illustration of Z and H in single-magnetorquer slew 
The slew control can be illustrated as Figure 5.3. Over the entire slew, there 
are several time nodes to be solved to generate the control command. 
a. 𝑡1𝑓 
𝑡1𝑓  cannot be easily calculated due to the complicated variation of 
geomagnetic field and magnetic torque applied to the spacecraft. However, the 
total effect of the magnetic torque can be measured during the first actuation 
period. Now an index of the angular momentum change is defined as: 
 𝐽 = ‖∫ 𝑻𝑚𝑎𝑔𝑛𝑒𝑡𝑑𝑡
𝑡1𝑓
𝑡0
‖ (5.11) 
For the first actuation period, the index 𝐽 should satisfy: 
 𝐽 = 𝑡𝑎𝑛(𝜃) ‖𝑯0‖ = 𝑡𝑎𝑛 (𝜃)𝐼𝑍𝜔𝑍 (5.12) 
After the first magnetorquer actuation starts, the spacecraft will measure and 
monitor the total magnitude of the angular momentum change. Once it reaches 
the predetermined value, the first magnetorquer actuation will be finished. 
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b. 𝑡1,2 
𝑡1,2 contributes to the calculation of the second actuation start time 𝑡2𝑠. After 
the first actuation is finished, the immediate spacecraft spin-axis 𝑍1  will be 
measured and determined. Then the spin-axis starts a precession around 𝐻𝑖𝑛𝑡 with 
the inertial nutation rate 𝜔𝐻. 𝑡1,2 is calculated by: 
 𝑡1,2 = 𝛾/𝜔𝐻 (5.13) 
Here 𝛾 is the residual precession angle after the first actuation. Given 𝑍1, 𝐻𝑖𝑛𝑡 
and 𝑍𝑖𝑛𝑡, 𝛾 is calculated by: 
 𝛾 = 𝑐𝑜𝑠−1 (
(𝐻𝑖𝑛𝑡×𝑍1)∙(𝐻𝑖𝑛𝑡×𝑍𝑖𝑛𝑡)
‖𝐻𝑖𝑛𝑡×𝑍1‖∙‖𝐻𝑖𝑛𝑡×𝑍𝑖𝑛𝑡‖
)  (5.14) 
c. 𝑡2𝑠 
The 2nd actuation starting time 𝑡2𝑠 is calculated by: 
 𝑡2𝑠 = 𝑡1𝑓 + 𝑡1,2 − 𝜉 ∙ ∆𝑡2  (5.15) 
Though the algorithm aims to perform a precession with nutation angle  , the 
continuous actuation of magnetorquer may result in a different nutation angle. 
The actual nutation angle is: 
 𝜃∗ = 𝑐𝑜𝑠 −1((𝑍1 ∙ 𝑯𝑖𝑛𝑡) (‖𝑍1‖ ∙ ‖𝑯𝑖𝑛𝑡‖)⁄ ) (5.16) 
Therefore ∆𝑡2 should satisfy: 
 ‖∫ 𝑻𝑚𝑎𝑔𝑛𝑒𝑡𝑑𝑡
𝑡2𝑠+∆𝑡2
𝑡2𝑠
‖ = tan (𝜃∗)𝐼𝑍𝜔𝑍  (5.17) 
For the convenience of implementation, 2t is approximated by the magnetic 
torque at time 𝑡2: 
 ∆𝑡2 = tan (𝜃
∗)𝐼𝑍𝜔𝑍 ‖𝑻𝑚𝑎𝑔𝑛𝑒𝑡(𝑡2)‖⁄   (5.18) 
 
For large slew angles (90° for instance), each magnetorquer-working period 
can be as long as 40 sec. Within total time less than 100s of slew, the 
magnetorquer works for more than 90% of that. Here 𝜉 is to compensate the long 
working period of magnetorquer. The purpose of defining 𝜉 is to guarantee the 
CHAPTER 5. HALF-CONE SLEW USING SINGLE 
MAGNETORQUER 
 
105 
 
effect of second actuation at the mean time 𝑡2.  𝜉 value will greatly influence the 
starting time of the second period of actuation and totally change the mean time 
of second actuation. Without choosing 𝜉 properly, the second actuation will not 
produce the wanted control torque over actuation time, and this will result in not 
only failing to approach to the target spin-axis attitude, but also missing the 
chance to align the spin-axis with the angular momentum.  𝜉 is the most critical 
parameters to this slew approach. 
For  𝜉  choosing problem, current research has not given a complete solution. 
Regardless of the variation of the geomagnetic field during the slew, 𝜉 is 
supposed to be 0.5. However, for most space mission flights cases, the variation 
of geomagnetic field will not lead to a 0.5 𝜉 value for Half-Cone Magnetorquer 
slew. The adjustment and calculation of 𝜉 value require the flight parameters, 
geomagnetic field properties and spacecraft orientations. This is definitely of 
great interest to develop a mature solution for 𝜉 calculation. For the current stage 
of Half-Cone Magnetorquer slew design, 𝜉  calculation is not discussed. In order 
to simplify the slew algorithm application at current stage, 0.5 is chosen for 𝜉. 
For future work, 𝜉 calculation and tuning is no doubt of great interest. 
5.3 Simulations and Analysis 
5.3.1 Mission scenario- STRaND-1 
Although the basic dynamics used as the baseline for the experiment was the 
rigid body dynamic, it will not be a perfect assumption for a real spacecraft 
mission. Specifically, for this experiment, the dynamics of STRaND-1 as the 
proposed testbed needed to be described. For that, semi rigid body dynamic has 
also been explained in Section II. However, it has been proved in [1] that the total 
time needed to complete the slew manoeuvre is small compare to the time for the 
disturbance due to this semi-rigidity to take effect. 
The assumption above is for the single thruster based slew manoeuvre. For 
magnetorquer slew control algorithm with STRaND-1 as the mission scenario, 
the total slew time that can be expected is around 200 sec. STRaND-1, as 
introduced in the beginning of this thesis, is a 3U cubesat with a mass of 3.5 kg 
and a moment of inertia tensor describe in Table 5.3. It is spun around the minor 
axis or its Z-axis as defined in the SFB frame. The difference between the two 
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transverse axes is just 0.001kg∙m2 and according to [11], the perturbation in the 
transverse axis will not cause a severe accuracy issue. Therefore, it is safe to use 
these physical properties of STRaND-1 as the simulation input for the experiment. 
STRaND-1 is currently flown in a Sun-Synchronous Orbit (SSO) with the 
following orbital parameters. 
Table 5.3 Orbital parameters of STRaND-1 
Parameters Value 
Orbit Sun Synchronous Orbit (SSO) 
Inclination 98.6293  
Altitude 785 km 
 
As it is a 3U cubesat, its physical properties represent a prolate shape 
spacecraft that is needed for this slew control algorithm validation. The following 
Figure 5.4 shows STRaND-1 physical model together with the defined SFB frame 
axes. 
 
Figure 5.4: STRaND-1 CAD model 
STRaND-1 is equipped with a 3-axis magnetometer and magnetorquer which 
are used as the sensor and actuator for this newly proposed slew control algorithm. 
The following Figure 6.3 shows the location of the magnetorquer on-board 
STRaND-1 3U cubesat. 
Although there are three magnetorquers on-board, only one of them will be 
used for this newly developed algorithm to be demonstrated. Nevertheless, this 
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set of magnetorquer will be needed as a mean to spin the spacecraft as this is 
originally a 3-axis stabilised cubesat. 
 
Figure 5.5: The Location of the 3-axis magnetorquers actuation system 
 
5.3.2 Results and Discussions 
As its initial stage is 3-axis stabilised cubesat, a mechanism is needed to spin 
up the spacecraft. B-dot control law [69] is used to spin up the needed axis. 
Instead of using this control law to dampen the spin rate as normally used during 
Launch and Early Operation (LEOP) stages of most satellites, it is used to create 
a different reaction by reversing the polarity. Once spun, the rate of the spin axis 
is then controlled by applying Y-Thomson spin [70] to the desired spin rate of 
5°/s. 
(a) Slew performance at equatorial, polar and middle-latitude orbital positions 
Based on the parameters of STRaND-1, several 90° spin-axis manoeuvres are 
proposed to validate the designed slew algorithm, with the spin-axis attitude 
starting from [-1,0,0] and targeting [0,1,0] in RI. In order to identify whether 
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spacecraft orbit positions influence the slew performance during the spin-axis 
manoeuvre, three reorientation experiments are done at three different orbit 
locations, which are near equatorial, medium latitude, and polar positions. 
Firstly, a 90° slew using the proposed algorithm above is applied at W91.2730°, 
S7.8675° near equatorial position, which takes 79.6069 s. Figure 5.6 shows the 
slew performance starting from near equatorial position in orbit. Figure 5.7 shows 
the spin-axis attitude’s transformation from [-1 0 0] to [0 1 0], which is a desired 
90° spin-axis attitude manoeuvre. 
 
Figure 5.6: Slew trajectory of 90° manoeuvre near equatorial position in orbit 
After the single-magnetorquer slew, the error in H and Z is within a few 
degrees (1.0591° and 2.2095° respectively), which satisfies most attitude 
manoeuvre needs. It can also be seen from Figure 5.8 that Magnetic field in Z 
axis in ECEF frame plays a major role in the slew experiment. Referring Figure 
5.3 in Section 5.2, this single-magnetorquer slew approach suits best where Bz is 
the dominant component of magnetic field. In order to achieve the manoeuvre in 
X-Y plane, the slew is required to make the best use of Bz. 
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Figure 5.7: Z axis in RI frame of 90° manoeuvre near equatorial position in orbit 
 
Figure 5.8: Magnetic field in ECEF frame of 90° manoeuvre near equatorial 
position in orbit 
0 20 40 60 80 100 120 140
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
 Time (s)
Z body axis in RI frame with respect to time
 
 
X
Y
Z
0 20 40 60 80 100 120 140
-1
-0.5
0
0.5
1
1.5
2
2.5
x 10
-5
 Time (s)
 M
a
g
n
e
ti
c
 f
ie
ld
 s
tr
e
n
g
th
 (
T
)
Magnetic field in ECEF frame with respect to time
 
 
B
X
B
Y
B
Z
CHAPTER 5. HALF-CONE SLEW USING SINGLE 
MAGNETORQUER 
 
110 
 
Secondly, for the location in between the equatorial and polar region, the slew 
algorithm is applied at W104.4789°, S52.1397°, which is completed in118.8932s. 
Figure 5.9 presents the slew results for the mentioned experiment. 
 It can be easily observed from Figure 5.10 that the spin-axis does not 
manoeuvre to the target position. ∆𝐻  and ∆𝑍  in this slew are 118.8064° and 
57.0532° respectively, which indicate the failure of the single-magnetorquer slew. 
By comparing the result with the previous Figure 5.6, it clearly shows that the 
manoeuvre starting position in orbit has a significant influence over the slew 
performance. As mentioned previously, the 𝐵𝑍 component should play the major 
role in performing the slew. However, it is not the case for this particular 
manoeuvre as 𝐵𝑌is the major component. Therefore, the disturbance is observed 
in this manoeuvre that results in a poor slew performance. 
 
 
Figure 5.9: Slew trajectory of 90° manoeuvre at medium latitude position in orbit 
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Figure 5.10: Z axis in RI frame of 90° manoeuvre at medium latitude position in 
orbit 
 
 
Figure 5.11: Magnetic field in ECEF frame of 90° manoeuvre at medium latitude 
position in orbit 
Furthermore, Figure 5.12 ~ Figure 5.14 gives the slew results of a 90° slew 
using the proposed algorithm above is applied at E146.1432°, S80.2743°near 
polar position, which is completed in  78.6359s.  
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∆𝐻 and ∆𝑍 are 1.2423° and 0.3908° respectively. For this manoeuvre, it can be 
seen from Figure 5.12 that the 𝐵𝑍 is in a different direction compared to the first 
case. Hence, the polarity of the magnetic dipole moment is reversed in order for 
the slew to be performed correctly. For the convenience of the analysis, the 
current direction in the first case is denoted as positive and the reverse as negative. 
In practice, this can be achieved by switching the current in  the magnetorquer. 
 
Figure 5.12: Slew trajectory of 90° manoeuvre near polar position in orbit 
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Figure 5.13: Z axis in RI frame of 90° manoeuvre near polar position in orbit 
 
Figure 5.14: Magnetic field in ECEF of 90° manoeuvre near polar position in orbit 
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(b) Relationship between slew performance and manoeuvre orbital positions 
with respect to Geomagnetic Poles 
It can be seen that the orbital positions of the attitude manoeuvre highly 
influence the slew performance of single magnetorquer slew. In order to identify 
this relationship, slew simulations are done at all positions for five orbits, and 
their positions with respect to the geomagnetic poles are focused other than the 
position related to the latitude. 
Figure 5.15 and Figure 5.16 are the performance for slews with positive 
current in magnetorquer. The origin of the plot is the geomagnetic South Pole 
E107.38º, S80.36º, in ECEF, which does not coincide with the geographical South 
Pole of the Earth. It can be seen that when positive current is applied to the 
magnetorquer, more accurate slew performances are witnessed around equatorial 
regions, both for ∆𝐻 and ∆𝑍. 
 
 
Figure 5.15: H around equatorial regions with positive current in torquer 
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Figure 5.16: Z  around equatorial regions with positive current in torquer 
 
On the contrary, when negative current is applied to the magnetorquer, the best 
slew performances are observed at geomagnetic polar regions, both the South and 
North Pole (180° from geomagnetic South Pole), see Figure 5.17 and Figure 5.18. 
This is due to the fact that the magnetic field in ECEF Z axis for the polar regions 
is negative and it is much larger in magnitude than that of X and Y axes. It 
indicates that the single-magnetorquer slew algorithm requires the major 
component of the geomagnetic field to be perpendicular to the direction of the 
attitude manoeuvre.  
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Figure 5.17: ∆𝐻 around geomagnetic South Pole and North Pole with negative 
current in torquer 
 
Figure 5.18: Z  around geomagnetic South Pole and North Pole  
with negative current in torquer 
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5.4 Summary 
 
This chapter introduces a novel low-cost slew algorithm for prolate spinners’ 
attitude manoeuvre using single-magnetorquer. Firstly some physics background 
of this magnetorquer slew control is given. The algorithm builds on half-cone 
control method’s philosophy and it uses single-magnetorquer mounted along spin 
axis to initiate and cancel the spin axis precession using two periods of actuations. 
During the first actuation, the total angular momentum change is measured by 
magnetic torque integration. It also uses the spacecraft attitude feedback to 
calculate the timing of the second actuation and introduces a timing adjustment 
coefficient to ensure the accuracy of precession cancellation. Simulations based 
on STRaND-1, a 3-U cubesat launched by Surrey Space Centre and Surrey 
Satellite Technology Limited was chosen as a use case to simulate 90° attitude 
manoeuvres parallel with Earth equatorial plane. These manoeuvres were carried 
out at different orbital positions. Based on the test results, the proposed slew 
algorithm provides slew performance with angular momentum error and residual 
nutation angles both less than 5° in equatorial and geomagnetic polar regions 
though with different magnetorquer current directions. Further analysis on the 
slew performance indicates that the single-magnetorquer slew algorithm requires 
the major component of the geomagnetic field to be perpendicular to the direction 
of the attitude manoeuvre. 
 In conclusion, the single magnetorquer slew algorithm open up the possibility 
for nano-satellites to perform large angle spin axis manoeuvre using single-
magnetorquer based on half-cone method concept.  
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Chapter 6  
Conclusions and Future Work 
6.1 Conclusions 
6.1.1 Feedback Half-Cone and Sector-Arc Slew Using 
Single Thruster 
Chapter 3 introduced novel Feedback Half-Cone slew and Sector-Arc Slew 
algorithms for prolate spinners’ attitude manoeuvre using single thruster. 
 The algorithms build on open-loop Half-Cone and Sector-Arc control 
methods’ philosophy and use attitude feedback and angular velocity information 
to improve the slew robustness over spin-rate perturbations. The initial impulses 
of these newly developed algorithms follow the similar calculation as 
corresponding open-loop methods. Then attitude feedback contributes to angular 
momentum estimation and spin-axis attitude prediction after that. At the end of 
slew, a new cancellation impulse design results in great improvement of slew 
performance based on angular momentum estimation and spin-axis attitude 
prediction. 
In Chapter 4 these two novel slew algorithms are verified by MATLAB 
Simulink simulations. The simulation results show that Feedback Half-Cone Slew 
and Feedback Sector-Arc Slew greatly improve the slew robustness over spin-
rate perturbations. With the comparisons between these two novel slew 
algorithms, Feedback Sector-Arc slew shows better robustness over spin-rate 
perturbations within -2%~2%, while Feedback Half-Cone slew has better 
CHAPTER 6. CONCLUSIONS AND FUTURE WORK 
 
120 
 
performance with spin rate perturbations over 2% due to the great influence of 
that over the numerical method used by feedback Sector-Arc slew.  
In conclusion, the novel Feedback Half-Cone slew and Feedback Sector-Arc 
slew algorithms greatly improve the slew performance over spin-rate 
perturbations. A summary of this work was presented at EuroGNC 2015 
Conference in Toulouse, France. 
6.1.2 Half-Cone Slew using Single Magnetorquer 
In Chapter 5, a novel low-cost slew algorithm for prolate spinners’ attitude 
manoeuvre using single-magnetorquer was introduced. The algorithm builds on 
Half-Cone control method’s philosophy and it uses single-magnetorquer mounted 
along spin axis to initiate and cancel the spin axis precession using two periods 
of actuations. During the first actuation, the total angular momentum change is 
measured by magnetic torque integration. It also uses the spacecraft attitude 
feedback to calculate the timing of the second actuation and introduces a timing 
adjustment coefficient to ensure the accuracy of precession cancellation.  
Simulations based on STRaND-1, a 3-U cubesat launched by Surrey Space 
Centre and Surrey Satellite Technology Limited was chosen as a use case to 
simulate 90  attitude manoeuvres parallel with Earth equatorial plane. These 
manoeuvres were carried out at different orbital positions. Based on the test 
results, the proposed slew algorithm provides slew performance with angular 
momentum error and residual nutation angles both less than 5° in equatorial and 
geomagnetic polar regions though with different magnetorquer current directions. 
Further analysis on the slew performance indicates that the single-magnetorquer 
slew algorithm requires the major component of the geomagnetic field to be 
perpendicular to the direction of the attitude manoeuvre.  
The novel single-magnetorquer slew algorithm open up the possibility for 
nano-satellites to perform large angle spin axis manoeuvre using single-
magnetorquer based on half-cone method concept. A summary of this work was 
published in AIAA Journal of Guidance, Control and Dynamics.   
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6.2 Demonstrated Novelties 
Two novel feedback slew algorithms have been designed and developed for 
prolate spinning spacecraft using single-thruster: Feedback Half-cone and 
Feedback Sector-arc Slew. These two feedback slew algorithms use attitude 
feedback to achieve angular momentum estimation and spin-axis attitude 
predictions. A new mechanism of cancellation torque for precession slew is 
designed as well. 
A thorough robustness analysis has been performed for these two feedback 
slew and their co-responding open loop slew algorithms with spin-rate 
perturbations over a range of target slew angles and different ratio of moment of 
inertia. From the robustness analysis, Feedback Half-Cone and Sector-Arc Slew 
are verified to have greater robustness over spin-rate perturbations, which the 
open-loop are sensitive to.  
A novel Half-Cone slew algorithm has also been designed for a single-
magnetorquer prolate spinning spacecraft. It uses the spacecraft attitude feedback 
to calculate the timing of the second actuation and introduces a timing adjustment 
coefficient to ensure the accuracy of precession cancellation. 
A flight demonstration experiment of the single-magnetorquer Half-cone slew 
is proposed using STRaND-1 satellite. Software simulations are done and the 
proposed slew algorithm provides slew performance with angular momentum 
error and residual nutation angles both less than 5° in equatorial and geomagnetic 
polar regions 
6.3 Recommendations for Future Work 
Several avenues of research could be followed up on in subsequent work: 
i. Design of feedback slew algorithms using single-thruster for 
asymmetric prolate spinning spacecraft. In the research of this thesis, 
the design of algorithms is based on symmetric rigid body dynamics as 
approximation. However, almost all the spacecraft are asymmetric. It 
is of great importance to extend this research work and develop 
feedback slew algorithms for asymmetric prolate spinning spacecraft. 
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ii. Further robustness analysis of the Feedback Half-Cone and Sector-Arc 
Slew algorithms over thruster firing time error, inertia modelling error 
and others. In this thesis, only spin-rate perturbation is focused and the 
novel feedback slew algorithms are all aiming to reduce the sensitivity 
of spin-rate perturbations. Other perturbations, such as thruster firing 
time error and inertia modelling error also have great influence over 
the slew performance. The robustness analysis in the future should take 
into account these factors as well. 
iii. Hybrid Slew investigation and design given in Section 3.2.1. Section 
3.2.1 introduces two feedback control schemes for prolate spinners’ 
attitude manoeuvres. Only feedback adjusted control is chosen to 
develop feedback slew algorithms in this research. However, hybrid 
slew control is also very promising and new algorithms based on this 
scheme should be developed. 
iv. Hardware experiments and validations using 3-DOF air-bearing table 
and other testbed. STARLab of Surrey Space Centre has developed a 
3-DOF air-bearing testbed, Aquarius. The hardware validations are not 
achieved due to the length of this research and some real conditions of 
this air bearing table. Hardware experiments are suggested once the 
testbed is available. 
v. Flight verification of Feedback Half-Cone and Sector-Arc Slew. 
vi. Investigation of auto-tuning method for  (second actuation time 
adjustment coefficient).  This coefficient is introduced in Section 5.2 
and no complete method has been worked out to choose this coefficient. 
The auto-tuning method for   can fully take the advantage of the 
Earth’s magnetic field and indicates better slew performance. 
vii. For medium latitude locations in orbit, a combined control scheme of 
single-magnetorquer slew algorithm with alterable magnetic torque 
directions can be investigated. 
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Appendix A 
Attitude Determination Methods 
The main precondition for feedback control is the availability of complete 
attitude feedback. Both for previous stated Hybrid Slew Control and 
Compensation Slew Control in Chapter 4, attitude measurements and 
determination take a great part and are the important basis of the entire feedback 
control. In this chapter, we firstly describe and introduce representative examples 
of spacecraft sensors used for attitude determination and the attitude 
determination methods. 
A.1 Single-axis Attitude 
There are two types of attitude: Single-axis attitude and Three-axis attitude. 
Single-axis attitude is the specification of the orientation of a single spacecraft 
axis in inertial space, which is used to describe the spin-axis attitude of a spinning 
spacecraft. 
Specifying the orientation of a single axis in space requires two independent 
attitude measurements. Therefore, if only one of these measurements is known, 
an infinite set of possible single-axis attitude orientations exist which maps out a 
curve, or locus, on the celestial sphere. Any two attitude measurements are 
equivalent if and only if they correspond to the same locus of possible attitudes 
on the celestial sphere. 
Given bot independent attitude measurements, each having a distinct locus of 
possible values, the attitude must lie at their intersection. Figure A.1 is an 
illustration of this fact. 
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Figure A. 1: Determination of single-axis attitude from intersecting loci 
𝜂 and 𝛽  are the nadir angle and sun aspect angle with respect to Earth Centre 
Vector 𝐸 and Sun Vector 𝑆 separately. The instant spin axis vector is supposed to 
be the intersections of these cones. Both 𝐴1 and 𝐴2 are possible attitude solutions. 
Prior knowledge of the attitude is required to seek the real solution. 
A.2 Attitude Measurements 
Although there are many types of attitude sensors (e.g., Sun sensors, horizon 
scanners, magnetometers), the analysis of attitude measurements can be greatly 
simplified by classifying them according to the shape of the corresponding loci 
of possible attitudes. Thus, we will say that two attitude measurements are of the 
same kind if and only if the attitude loci satisfy parametric equations of the same 
form. Although the number of attitude sensors and measurements is large, these 
measurements correspond to only two most fundamental types: 
(1) Arc-length measurements from a known reference vector, such as the Sun 
angle measurement. 
(2) Rotation angle measurements about the attitude between two known 
reference vectors. 
Figure A.2 is a standard notation for the Sun, Earth and attitude of spin axis 
and the relations between them. In Spacecraft-Centred Celestial Sphere, every 
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point on the sphere represents a direction in space. Normally for attitude geometry 
illustration, the points 𝑆, 𝐸 and 𝐴 are the directions of the centre of the Sun, the 
centre of the disk of the Earth (called the nadir or sub-satellite point) and the 
spacecraft attitude, as viewed from the spacecraft. 𝑆−1,𝐸−1 and 𝐴−1are their anti-
points which show opposite directions. Here we write” the disk of the Earth” 
because that for a near-Earth spacecraft, the Earth presents an extended target to 
a sensor (3.9sr at a 500 km altitude, while the Sun has an approximate solid angle 
of 7 × 10−5sr). 
 
Figure A.2: Standard notation for the Sun, Earth and attitude of spin axis and 
their relations 
Arc length measurements are the lengths of the sides of a spherical triangle 
(𝛽, 𝜂 and 𝜓 in Figure A.2). Sometimes we also call them angular separations. An 
arc is a portion of a great circle. 
Rotation angle measurements, the angle at which two arc segments intersect 
(Φ, Σ and Λ in the triangle of Figure A.2). 
A.2.1 Sun angle measurements 
The arc-length measurement, represented by the Sun angle, 𝛽, is the simplest 
measurement type. For this type, the locus of possible attitudes is a small circle 
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centred on the known reference vector with an angular radius equal to the 
measured arc length in Figure A.2. Normally this measurement can be directly 
obtained from the Sun Sensor. 
Sun sensors are the most widely used sensor type and have flown on nearly 
every satellite. The Sun sensor owes its versatility to several factors. Unlike the 
Earth, the angular radius of the Sun is nearly orbit independent and sufficiently 
small (0.267° at 1AU) that for most applications a point-source approximation is 
valid. This simplifies both sensor design and attitude determination methods. The 
Sun is sufficiently bright to permit the use of simple, reliable equipment without 
discriminating among sources and with minimal power requirements. Attitude 
control systems are also frequently based on the use of Sun reference pulse for 
thruster firing (e.g. Rhumb Line slew in Section 3.7). 
The wide range of Sun Sensor applications has led to the development of 
numerous sensor types with fields of view (FOV) ranging from several square 
arc-minutes ( 710 sr) to 128 by 128deg (approximately 𝜋 sr) and resolutions of 
several degrees to less than an arc-second. There are 3 basic classes of Sun sensors: 
analog sensors, which have an output signal is a continuous function of the Sun 
angle and is usually monotonic; Sun presence sensors, which provide an output 
signal whenever the Sun is in FOV; and digital sensors, which provide an encoded, 
discrete output which is a function of the Sun angle.  
Digital Sun sensors (DSS) are always categorized into one- and two-axis 
digital sensors. A common DSS for spinning spacecraft consists of the two basic 
components, command and measurement. The measurement component 
generates an output which is a digital representation of the angle between the sun-
line and the normal to the sensor face when the Sun is in the FOV of the command 
component. 
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Figure A.3: Two TDSS installation configuration in Spacecraft Body-Fixed 
coordinate (SBF) 
A Sun Sensor installation configuration is designed based on this product using 
two Two-Axis Digital Sun Sensors (TDSS) with FOV 128° by 128°. See Figure 
A.3. This configuration is to mount 2 TDSS on the spinning spacecraft with their 
Sensor boresights one pointing to bisecting directions of Y and Z axes, the other 
pointing to bisecting directions of Y and -Z axes. It indicates that with the 
spacecraft’s rotation, these two sensors can cover the entire spherical field. Note 
that there is an overlap area formed by two sensors’ FOVs, which indicates that 
in some cases, both sensors can have the Sun Vector in their FOVs and got two 
readings in their own x and y slits separately. 
A.2.2 Earth Width and Nadir Measurements 
A second example of an arc-length measurement is the Earth width,  , or the 
rotation angle about the attitude between the two Earth horizon crossings for 
either a rotating sensor or a fixed sensor mounted on a spinning spacecraft. 
Figure A.4 shows a typical infrared horizon sensor’s working principle. The 
horizon sensor’s Measurement is the time interval between the sensing of the 
sensing of a reference direction and the electronic pulse generated when radiance 
detector output reaches or falls below a selected threshold. The detection outputs 
are: 
(1) Increasing across the threshold. It implies a dark-to-light transition or 
acquisition of signal (AOS) 
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(2)  Decreasing across the threshold. It implies a light-to-dark transition or loss 
of signal (LOS) 
 
Figure A.4: A typical horizon sensor’s scanning illustration 
The earth width is calculated by: 
 2OUT IN
s
t t
T


    (A.1) 
where INt and OUTt are the time of AOS and LOS. 𝑇𝑆 is the period of spinning. 
A given Earth width implies the nadir angle, 𝜂 , between the attitude and the 
centre of the Earth. In Figure A.5 is the sensor mounting angle (the angle between 
spin-axis and sensing direction), shown as /s c OUTAO C . 𝜂 is the nadir angle (the 
angle between spin-axis and the Earth’s centre direction), shown as /s cAO E . In 
Figure A.5, Earth width Ω  is the rotation angle between two Earth horizon 
crossings, shown as spherical angle IN OUTC AC . 
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Figure A.5: A typical horizon sensor's measuring principle 
In order to calculate nadir angle 𝜂 with perspective radius of Earth disk 𝜌, 
sensor mounting angle 𝛾 and Earth width Ω, spherical trigonometry cosine law is 
used to derive relation as follows. 
 cos cos cos sin sin cos(0.5 )        (A.2) 
From Equation (A.2) we may solve the nadir angle, 𝜂: 
 
2 2 2 2
2 2 2
cos cos sin cos( / 2) sin cos ( / 2) cos cos
cos
sin cos ( / 2) cos
     

 
    

 
  (A.3) 
 Equation (A.3) indicates that the nadir angle is one of two possible values. 
Equation (A.3)’s ambiguity can be solved by implementing two earth sensors 
with different mounting angles. Then attitude observables for nadir angles are
1 2 1 2 1 2
, , , , ,       . Following spherical trigonometry, we get: 
 1 1 1 1 1 1cos cos cos sin cos( / 2)sin        (A.4) 
 2 2 2 2 2 2cos cos cos sin cos( / 2)sin        (A.5) 
 
 
 
  
A(spin-axis) 
E Os/c 
CIN 
COUT 
 
 
 
Scanning cone 
Earth disk 
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With the assumption, 1 2     , combining Equation (A.4) and Equation 
(A.5) gives: 
 
   
2 1 1 2
1 1 2 2 2 1
cos cos cos cos
arctan
sin cos( / 2)cos sin cos( / 2)cos
   

   
 
  
   
 (A.6) 
A.3 Attitude Determination Algorithms 
In this section, two typical attitude determination algorithms are discussed 
based on the Sun angle measurement and nadir angle measurements. They are 
namely Earth-width/ Sun angle method and Two-Sun-Cone (TSC) method. 
A.3.1 Earth-width/ Sun angle method 
For a deterministic, two-component attitude solution, we require two reference 
vector with their origin at the spacecraft. As shown in Figure A.6.  
 
Figure A.6: Single-Axis Attitude Solutions Using Earth width/ Sun angle method 
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Each arc-length measurement defines a cone about each reference vector; the 
intersections of these cones are possible attitude solutions. We assume that the 
two known reference vectors are Sun and nadir vectors, 𝑆 and 𝐸. The cone about 
𝑆  has a half angle, 𝛽 , equal to the angular separation of this vector and the 
unknown attitude vector A similarly, the cone about 𝐸 has a half angle, 𝜂, equal 
to the angular separation between 𝐸 and 𝐴. The possible solutions for the attitude 
are 𝐴1and 𝐴2. 
Mathematically the attitude [ , , ]
T
i j kA A AA  to be solved has three unknowns,
, ,i j kA A A . Three equations are simultaneously needed to solve this geometrical 
problem: 
 cos A S  (A.7) 
 cos A E  (A.8) 
 1 A A  (A.9) 
These three equations are solved as Grubin [71]: 
 2
cos cos
1 ( )
x
  

 
E S
E S
 (A.10) 
 2
cos cos
1 ( )
y
  

 
E S
E S
 (A.11) 
 2
1 cos cos
1 ( )
x y
z
  
 
 E S
 (A.12) 
  C S E  (A.13) 
 Then the solutions for A are given by: 
 x y z  A S E C  (A.14) 
Equation (A.12) indicates two possible ambiguous attitude solutions. Then 
prior knowledge is required to reject a wrong solution. 
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A.3.2 Two-Sun-Cone Method 
Recalling previous attitude determination method research, we also have a 
newly developed method, Two Sun Cones Method(TSC) [72]. TSC represent 
practical techniques for the attitude determination of spinning satellites based on 
the use of only one sun sensor’s measurement. The calculations may be performed 
on-ground or also onboard if an autonomous attitude determination procedure is 
preferred. The principle of TSC method is based on the use of Sun aspect angle 
𝛽1 and 𝛽2 produced by the Sun sensor at different times, 𝑡1 and 𝑡2. The separation 
interval between 𝑡1 and 𝑡2 may be as short as a few hours but should preferably 
be at least a day to achieve good attitude-determination errors. The spin-axis 
attitude follows from the intersections of the two Sun cones round two Sun 
vectors 𝑺1 and 𝑺2 at 𝑡1 and 𝑡2 (see Figure A.7).  
In order to solve the attitude using two Sun vectors, similar equations can be 
derived with respect to Equation (A.7) - (A.9).  However, a priori knowledge of 
the spacecraft pointing orientation is still needed to solve the twofold ambiguity 
of the attitude solution. 
 
Figure A.7: Two Sun vectors 𝑺1 and 𝑺2 at 𝑡1 and 𝑡2 
The achievable accuracy of the attitude estimate depends on the noise 
characteristics of the sun sensor, on the duration of the interval under 
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consideration, and on the stability of the attitude pointing and of the measurement 
biases during the selected time interval. 
A restriction of TSC method is the fact that the attitude of the spin-axis 
orientations at  𝑡1 and 𝑡2 is constant. The results produced by TSC method will 
be severely degraded if the spin-axis pointing orientation is changing (e.g. doing 
an attitude manoeuvre) or drifting in space during the time interval. The TSC 
method should of course not be used if an attitude manoeuvre is performed. The 
same constraint may also be valid for an orbit manoeuvre unless its effect over 
the spin-axis orientation can be neglected.  
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Appendix B  
Actuators Comparisons 
Both as an important attitude actuator in the slew algorithm research, 
comparison between thrusters and magnetorquers are made in this section. 
B.1 Torque Level 
Thruster: 
The thrust level among different types of thrusters is listed in Table B.1. The 
torque level is the product of the thrust and the moment arm. 
Table B.1 Thrust and specific impulse of different thruster type 
Thruster type Cold gas Hot gas Ion /Plasma 
thruster 
Force 0.05N~22N 0.05N~22N 0.002N~0.02N 
Specific 
impulse 
60s~120s 135s~290s >3000s 
 
Magnetorquers: 
Magnetorquers’ torque level is very limited, normally around 51 5 10  Nm. If 
a larger magnetic torque is required, very high magnetic flux density would be 
needed, and which would either necessitate very high current in the coils, or much 
higher ambient flux densities than available in earth orbit. 
APPENDIX B. ACTUATORS COMPARISON 
136 
 
B.2 Torque Direction 
Thruster: 
Torque direction of a thruster is normally fixed on the spacecraft.  It indicates 
that using a thruster to generate a torque of a certain direction in Reference of 
Inertia (RI), the attitude manoeuvre has to take place at the right spin revolution 
phase. It’s the major physical limitation of thruster attitude control. 
Magnetorquers: 
Since the magnetorquer is always assembled in spin-axis direction, the control 
torque it could generate is in the normal plane of spin-axis vector and the Earth’s 
magnetic field vector. The torque direction is independent of the spacecraft 
spinning but only depends on the spin-axis attitude and the local Earth’s magnetic 
field direction. 
B.3 Feasibility for Slew Algorithms 
Thruster: 
Algorithms discussed in Chapter 3 and Chapter 4 are all available algorithms 
for thruster, which are Half-Cone (HC), Extended-Half-Cone (EHC), Dual Cone 
(DHC), Sector Arc (SAS), Rhumb Line slew (RL), Spin Sync Slew (SS), 
Feedback Half-Cone(FHC) and Feedback Sector-Arc Slew(FSAS). 
Magnetorquers: 
Due to the characteristic of magnetorquers’ torque direction, only Half-cone 
slew is studied for magnetorquers. 
B.4 Summary 
We may conclude the advantages and disadvantages of thruster and 
magnetorquer. 
For thruster, its advantage is that high torque level indicates the firing time of 
each thrust impulse is very short, which is normally less than 20ms. What’s more, 
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the torque property yields varied algorithm choices. With a proper selection of 
these algorithms, the slew performance can be very accurate. 
The disadvantages of thruster are: 
• Since the firing timing is very strict for attitude manoeuvre, the slew angle 
range can only be obtained by complicated algorithms. 
• High Fuel usage. 
• Engine wear problem 
• Cycles of the valve limitation. Since for each impulse the firing time is very 
short, the valve has a minimum firing time limitation. 
• Spacecraft translation when using single thruster. 
For magnetorquers, the advantages are: 
• It could be used as a replacement of thruster in space missions 
• It’s lightweight, reliable and energy-efficient. 
• There is no expendable propellant required, so it could in theory work 
indefinitely as long as a sufficient power source is available to match the 
resistive load of coils. 
The disadvantages of magnetorquers are: 
• Since the angular momentum trajectory plane over the slew must be designed 
perpendicular to the instant local Earth’s magnetic field vector, the feasible 
attitude manoeuvre is very limited. 
• The dependence on the highly variable intensity of Earth’s magnetic field is 
problematic because the attitude control problem becomes highly nonlinear. 
• Torque level is very limited 
• Considering the Earth’s magnetic field strength, it is only more suitable for 
low Earth orbits. 
• The magnetorquers are made of conductive material and will lose rotation 
momentum in Earth’s magnetic field due to generation of eddy currents in its 
body and the corresponding braking force proportional to its spin rate. 
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Appendix C  
Supporting Software 
 
The following software has been used during this PhD project. The version 
numbers mentioned are actual at the time of writing.  
• Microsoft Windows 7 Enterprise Service Pack 1 as operating system. 
• MATLAB R2014b and R2016a for the simulations and figures. 
• Microsoft Office 365 (Word and PowerPoint) for writing papers (as listed in 
the List of Publications in Chapter 1.5), thesis, and presentations respectively. 
• Microsoft Visio 2010 for flow chart drawing. 
• Adobe Acrobat Reader DC version2015.017.20053 for reading and generating 
PDF files. 
• Inkscape v0.48.4 for some charts and drawing design. 
• Tortoise SVN 1.7 for version control (backup and archiving). 
 
 140 
 
Appendix D 
Control Diagrams 
This PhD research uses MATLAB Simulink to build up the dynamics and 
control model, to simulate the slew performance and conduct robustness analysis.  
In this Section, some of the Simulink control modelling diagrams are given. 
D.1 Feedback Half-Cone slew 
Figure D.1 shows the full Feedback Half-Cone model. 
  
Figure D. 1: full Feedback Half-Cone model 
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The pink parts of the model represent the three DOF dynamics and inertia 
parameters’ input. The blue part stands for the control systems. Upper part of the 
blue blocks generates the first impulse to initiate precessions (details can be seen 
in Figure D.2) and the subsystems below calculate and control the cancellation 
impulse using angular momentum estimations and spin-axis attitude predictions. 
Figure D.2 shows how the first impulse is calculated and generated. The 
yellow parts indicate the input parameters of this block. The blue blocks calculate 
the 𝜔𝐻 , the first impulse starting time 𝑡0, and thruster firing duration ∆𝑡. The 
green parts are the outputs from this block. 
 
Figure D.2: Feedback Half-Cone Slew first impulse calculation 
For the second impulse (cancellation impulse) calculation subsystems, the 
models are also provided. Firstly, H estimation block is shown in Figure D.3. The 
yellow part indicates the input parameters, which are the spin-axis attitude 
feedback of three previous spin revolutions. The blue parts calculate the H vector 
using the math stated in Section 4.2.1. The green part is the estimation result. 
Figure D.4 shows how attitude predictions are made. The inputs are H vector 
estimated in Figure D.3, spin-axis attitude measurement of current spin revolution, 
and spin rate 𝜔𝑍 . The outputs are not only attitude predictions of next two 
revolutions, but also the precession rate 𝜔𝐻, body nutation rate 𝜔𝑁, and nutation 
angle 𝜃. 
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Figure D.3: H estimation block 
 
 
Figure D. 4: attitude predictions for following revolutions 
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For the final cancellation calculation and control, two subsystems are built to 
achieve this aim, which are Final Impulse Trigger Subsystem and Last Impulse 
Firing Subsystem. Figure D.5 is the Final Impulse Trigger Subsystem. The inputs 
are current revolution number and the predicted spin-axis attitude for the next two 
revolutions. The output is the final impulse trigger. The left blue block calculated 
the angular deviations between attitude predictions of next two revolutions and 
the target attitude. The right blue block judges which of these two deviation is 
smaller. If the first one is smaller, the final impulse will be triggered in the next 
spin revolution.  
 
Figure D.5: Final Impulse Trigger Subsystem 
Figure D.6 gives the overview of Last Impulse Subsystem. 
  
Figure D.6: Last Impulse Subsystem 
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The input of this blocs are the final trigger produced in Figure D.5, spin-axis 
attitude measurement in current spin revolution, estimated H vector, time, the 
precession rate 𝜔𝐻, body nutation rate 𝜔𝑁, nutation angle 𝜃, spin rate 𝜔𝑍 and the 
control torque for the first impulse. The output is the last impulse. The middle 
blue block calculates the time interval between the start of next revolution and 
the last impulse firing epoch, ∆𝑡𝑓. The details of this block is shown in Figure 
D.7. The math for ∆𝑡𝑓 calculation can refer to Equation (4.14) in Section 4.2.3. 
 
Figure D.7: 𝛥𝑡𝑓 calculation 
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D.2 Feedback Sector-Arc Slew 
In this section, the Simulink diagrams of Feedback Sector-Arc Slew are 
provided. Firstly, the full model of Feedback Sector-Arc Slew is shown in Figure 
D.8. 
 
Figure D.8: full Feedback Sector-Arc Slew model   
It can be seen that the full model of FSAS is quite similar as the one for 
Feedback Half-Cone. In fact, as stated in Section 4.3, the only difference between 
FSAS and FHC is the calculation of first impulse. In Figure D.8, the different part 
compared to Figure D.1 is the top blue block, and it is shown in details in Figure 
D.9. 
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Figure D.9: Sector-Arc block 
In Figure D.9, the inputs are proposed spin revolution number k, target slew 
angle 𝛽𝑡, time 𝑡, starting azimuth 𝛼, starting angular velocity, inertia and, torque 
vector. The outputs are calculated nutation angle 𝜃 , precession rate 𝜔𝐻 ,first 
impulse time 𝑡0, and first impulse trigger.  
Figure D.10 shows the 𝛥𝑡 and 𝜔𝐻  calculation block. 
 
Figure D.10: 𝛥𝑡 and 𝜔𝐻  calculation block 
The inputs are calculated nutation angle 𝜃, spin rate 𝜔𝑍, inertia, proposed spin 
revolution number k, and the torque magnitude. The outputs are first impulse 
firing duration 𝛥𝑡 , and precession rate 𝜔𝐻 . The calculation of 𝛥𝑡  can refer 
Equation (3.3) in Section 3.2.  
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Figure D.11 shows the bottom middle block in Figure D.9, calculating the first 
impulse starting time. The blue block in Figure D.11 is shown in Figure D.12. 
 
Figure D. 11: first impulse starting time block 
 
Figure D. 12: alpha_SAS calculation 
Figure D.13 shows the time schedule for first impulse of FSAS. 
 
Figure D. 13: time schedule for first impulse 
The MATLAB Function in Figure D.9 is the numerical method mentioned in 
Section 3.5. The script of this function is listed as follows: 
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function [Kh,taut,theta] = fcn(k,beta,ram) 
%#codegen 
taut0=0.1*pi/180;  %2*pi/180; 
taut1=pi/2; 
tauth=(taut0+taut1)/2; 
Fh=sin(tauth)^2 * (2*k+1)^2 *(pi*ram/(2*(1-ram)))^2 
+tauth^2*sin(beta/2)^2-tauth^2*sin(tauth)^2; 
while abs(Fh)>=1e-6 
     F0=sin(taut0)^2 * (2*k+1)^2 *(pi*ram/(2*(1-ram)))^2 
+taut0^2*sin(beta/2)^2-taut0^2*sin(taut0)^2; 
     F1=sin(taut1)^2 * (2*k+1)^2 *(pi*ram/(2*(1-ram)))^2 
+taut1^2*sin(beta/2)^2-taut1^2*sin(taut1)^2; 
    if F0*F1<0 
        if F0*Fh<0 
            taut1=tauth; 
        end 
    end 
    if F0*F1<0 
        if F0*Fh>0 
            taut0=tauth; 
        end 
    end 
    tauth=(taut0+taut1)/2; 
    Fh=sin(tauth)^2 * (2*k+1)^2 *(pi*ram/(2*(1-ram)))^2 
+tauth^2*sin(beta/2)^2-tauth^2*sin(tauth)^2; 
end 
theta = asin(sin(beta/2)/sin(tauth)); 
taut=tauth; 
  
kz=(pi/2)^2*(1-sin(beta/2)^2)*4*(1-ram)^2/pi^2/ram^2; 
Kh=floor((sqrt(kz)-1)/2); 
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